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ABSTRACT 



For pure Yang-Mills theory on Minkowski space-time, formulated in functional spaces 
where the covariant divergence is an elliptic operator without zero modes and for a trivial 
principal bundle over the fixed-time Euclidean space with a compact, semisimple, con- 
nected and simply connected structure Lie group, a Green function for the covariant diver- 
gence has been found. It allows to solve the first class constraints associated with Gauss' 
laws and to identify a connection-dependent coordinatization of the trivial principal bun- 
dle. In a neighbourhood of the global identity section, by using canonical coordinates of 
first kind on the fibers, one has a symplectic implementation of the Lie algebra of the small 
gauge transformations generated by Gauss' laws and one can make a generalized Hodge 
decomposition of the gauge potential one- forms based on the BRST operator. This de- 
composition singles out a pure gauge background connection (the BRST ghost as Maurer- 
Cartan one-form on the group of gauge transformations) and a transverse gauge covariant 
magnetic gauge potential. After an analogous decomposition of the electric field strength 
into transverse and longitudinal part, Dirac's observables associated with the transverse 
electric and magnetic components are identified as their restriction to the global iden- 
tity section of the trivial principal bundle. The longitudinal part of the electric field can 
be re-expressed in terms of these electric and magnetic transverse parts and of the con- 
straints without Gribov ambiguity. The physical Lagrangian, Hamiltonian, non-Abelian 
and topological charges have been obtained in terms of transverse Dirac's observables, 
also in presence of fermion fields, after a symplectic decoupling of the gauge degrees of 
freedom; one has an explicit realization of the abstract "Riemannian metric" on the orbit 
space. Both the Lagrangian and the Hamiltonian are non-local and non-polynomial; like 
in the Coulomb gauge they are not Lorentz invariant, but the invariance can be enforced 
on them if one introduces Wigner covariance of the observables by analyzing the vari- 
ous kinds of Poincare orbits of the system and by reformulating the theory on suitable 
space-like or light-like hypersurfaces, following Dirac. By extending to classical relativis- 
tic field theory the problems associated with the Lorentz non-covariance of the canonical 
(presymplectic) center-of-mass for extended relativistic systems, in the sector of the field 
theory with > and W'^ ^ one identifies a classical invariant intrinsic unit of length, 
determined by the Poincare Casimirs, whose quantum counterpart is the ultraviolet cutoff 
looked for by Dirac and Yukawa: it is the Compton wavelength of the field configuration 
(in an irreducible Poincare representation) multiplied by the value of its spin. 



1. Introduction 



Dirac-Bergmann [1] theory of Hamiltonian constraints and of singular Lagrangians lies 
at the basis of most of the special and general relativistic theories relevant to physics [2] ; 
also Newtonian mechanics and Newtonian gravities can be reformulated in this framework 
[3]. The basic structure behind Dirac-Bergmann approach is presymplectic geometry [4]. 
In a series of papers [5] I have revisited Dirac-Bergmann theory, starting, at the Lagrangian 
level, with an extended version of the second Noether theorem allowing an equal treatment 
of first and second class constraints: the projection to phase space of the resulting Noether 
identities reproduces the Dirac-Bergmann algorithm. A first outcome of this analysis was 
the realization that, when l^*-class constraints are present, both the Euler-Lagrange and 
Hamilton equations do not determine the "gauge" part of the respective trajectories. One 
has to introduce as many parameters as l**-class constraints to describe the "gauge direc- 
tions" in the chosen formalism (either the second order Lagrangian one or the first order 
phase space one) and to consider the l**-class constraints as Hamiltonians for the evolution 
in these parameters. This multiparametric (also called " multitemporal" , because in the 
case of both nonrelativistic and relativistic particle mechanics the parameters are affine 
time coordinates for the particle world-lines) description produces a local parametrization 
of the original variables in terms of the gauge ones by solving the equations defining the 
transformation properties under infinitesimal gauge transformations in both formalisms 
(see Ref. [6] for a first attempt of this kind). The next step was to realize the relevance 
of the Shanmugadhasan canonical transformations [7,8], based on Lie theory of function 
groups and providing a way for finding local Darboux bases for presymplectic manifolds in 
the finite-dimensional setting: given a set of 1**- ,(</>a), and 2'^'^-class, {XaiXa)i constraints, 
there always exist local canonical transformations such that locally the presymplectic con- 
straint manifold is described by the vanishing of a subset, (Pa), of the new momenta (local 
Abelianization of the l^*-class constraints; the conjugate variables, {Qa), are the Abelian 
gauge variables adapted to this Abelianization) and of a subset of pairs, {PaiQa)i of 
the new canonical coordinates (canonical form of the 2"'^-class constraints adapted to the 
Abelianization of the l**-class ones). The remaining coordinates, {Qa,Pa), are Dirac's 
observables, also commuting with the gauge variables (Qa)', {Qa^QA, Pa) form a local 
Darboux basis for the constraint presymplectic manifold defined by (t>a — Xa — Xa — 0. 
Since, in general, given a singular Lagrangian its associated Hamiltonian formulation does 
not admit any "global" Shanmugadhasan canonical transformation, the problem arises 
whether the singular Lagrangians describing physical systems do have at least one such 
global canonical transformation. This would allow to make a global separation between 
Dirac's observables and the set of l**-class constraints with the associated gauge variables 
and of 2"''-class constraints without introducing gauge-fixings and with no residual gauge 
freedom, and to reformulate the dynamics globally only in terms of Dirac's observables 
both at the Lagrangian and at the Hamiltonian level (this is a strong requirement: the 
physical or reduced phase space must be the cotangent bundle over a physical or reduced 
configuration space) [9,10]. When this is not possible the model has to be considered 
pathological already at the classical level, unless one finds a physical interpretation for 
the gauge variables (or at least, when the reduced phase space is not a cotangent bun- 
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die, one renounces to a Lagrangian description). Let us remember that there is a strict 
interconnection between this approach and the apphcabihty of the BRST method [11]. 

Three remarks are needed at this point. Firstly, one has to distinguish between 1^*- 
class constraints associated with gauge transformations and l**-class constraints associated 
with diffeomorphisms: only in the first case it must always be possible to get a description 
in terms of global observables; in the second case Dirac's observables have the meaning of 
independent Cauchy data after a convention about what are space and/or time and, like in 
general relativity, one does not expect that they are globally defined, except maybe for sys- 
tems defined in the flat Minkowski space-time. Secondly, when Grassmann-valued Dirac's 
observables are present, only even functions of them can, in some sense, be associated 
with physically measurable quantities. Thirdly, the theorems at the basis of the existence 
of the Shanmugadhasan canonical transformation have not been extended to the infinite- 
dimensional case, especially to classical field theory. One of the main obstacles is that in 
field theory some of the constraints are partial differential equations, which only in suitable 
function spaces are of the elliptic type: generically, there is the problem of the possible 
existence of zero modes of these elliptic operators and of their physical interpretation. This 
may give origin to problems like the Gribov ambiguity and the associated impossibility of 
global gauge-fixings, which implies the non-existence of global Dirac's observables. 

Notwithstanding that, it is reasonable to try to see whether either local or global 
Shanmugadhasan canonical transformations can also be defined in these cases, at least 
for string and gauge theories. If globally defined Dirac's observables exist in these cases, 
from the bosonic ones among them should be possible to extract the classical basis of the 
"local observables" (here local means restricted to a compact submanifold of the Minkowski 
space-time, so that these observables can be measured with an apparatus contained inside 
such submanifold) of the algebraic approach to quantum field theory [12] in the still open 
case of gauge theories (long range interactions) [13]. 

After the understanding of a model of two spinless relativistic particles with an action- 
at-a-distance interaction instantaneous in the center-of-mass frame and of its quantization 
[14] and after a preliminary study of the Nambu string with light-cone coordinates [15], 
a global Shanmugadhasan canonical transformation was found for the Nambu string [16], 
in which both the Abelianized l**-class constraints and the Abelian conjugated gauge 
variables were globally defined Lorentz scalar quantities (even if in this case one has a 
diffeomorphism group and not a gauge one, the result relies on the integrability of the 
system; let us remark that a global canonical basis of Dirac's observables has still to be 
extracted from the known redundant observables due to the still lacking control on the 
spin dynamics) . The lesson in both cases was that the source of globality was the global 
momentum map associated with the conservation of the Poincare generators: to get the 
result one has to analyze the content in Poincare orbits of the model (and the associated 
stratification of the constraint manifold) and to use, as an intermediate step, a canonical 
transformation to center-of-mass and relative variables with the relative variables adapted 
to the type of Poincare orbits under study, so that the relative variables have the associ- 
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ated Wigner covariance. It turns out that in special relativistic extended systems Dirac's 
observables have Wigner covariance properties, with the exception of the three positions 
among the six observables associated with the center-of-mass: the three canonical posi- 
tions (the classical basis of Newton- Wigner-like position operators) are not the Euclidean 
components of a four- vector. 

The next step is to look for similar results for the classical Yang-Mills (YM) gauge 
theory. In the Abelian electromagnetic case the problem had already been solved by Dirac 
himself [17] (see also Ref.[18] and the string variant of Ref.[19]) also in presence of fermions. 
Apart from the problem of Lorentz covariance, Dirac found global observables after the 
solution of the I'^^-class constraint associated with Gauss' law and the introduction of a 
conjugated non-local gauge variable. At the basis of this result there was a choice of the 
Green function for the divergence operator and the Hodge decomposition of one-forms on 
the Euclidean space, which could also be interpreted as the solution of the multitemporal 
equations. 

The aim of this paper is to extend these results to the non- Abelian case. 

In Section 2 the needed notations and elements of differential geometry for pure YM 
theory over Minkowski space-time in the case of a trivial principal bundle with a compact, 
semisimple, connected, simply connected Lie structure group are introduced. After a choice 
of spatial boundary conditions for the gauge potentials and the gauge transformations, the 
Lagrangian and Hamiltonian formulation are developed, with special emphasis on the 
symplectic structure, the analysis of the l**-class constraints and the boundary conditions. 

In Section 3 the Hamiltonian group of gauge transformations is analyzed. 

In Section 4 the fermions are included in the description. 

In Section 5 the Abelian case is revisited and it is shown how to obtain the decoupling 
of the physical degrees of freedom in both the Lagrangian and Hamiltonian approaches. 

In Section 6, after a short review of the problems at the basis of the Gribov ambiguity 
and on its dependence from the choice of the functional space of gauge potentials, it is 
shown that in a suitable function space [20] , in which the covariant divergence is an elliptic 
operator without zero modes, one can evaluate explicitly the Green function associated 
with the covariant divergence. This allows to solve the l'^*-class constraints connected 
with Gauss' laws, to find the Green function for the Faddeev-Popov operator and, in the 
case of transverse vector gauge potentials, the one for the square of the covariant derivative. 
Therefore in this function space the Gribov ambiguity is absent. 

In Section 7 a connection dependent coordinatization of the trivial principal bundle, 
suggested by the previous Green functions, is introduced; it uses canonical coordinates of 
first kind on the group manifold of the structure group. Then a solution of the multitem- 
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poral equations for the vector gauge potential is given: it is decomposed in the sum of a 
pure gauge part (the BRST ghost as the Maurer-Cartan one-form on the group of gauge 
transformations) and a gauge-covariant part (the source of the magnetic field strength), 
whose transversality properties are determined by means of a generalized Hodge decom- 
position based on the BRST operator. Then the canonical variables of the gauge sector of 
YM theory are determined. 

In Section 8 the electric field strengths (the YM momenta) are decomposed in a 
transversal gauge-covariant part and in a longitudinal one, which is then re-expressed in 
terms of the transverse and gauge variables by means of the Green function of the Faddeev- 
Popov operator. Then the multitemporal equations for the gauge-covariant transverse 
vector gauge potential and electric field strength are solved and global transverse Dirac's 
observables are determined as their restriction to the global identity cross section of the 
trivial principal bundle. The extension to ferniions of the Abelian results is given. This 
completes the determination of the Shanmugadhasan canonical transformation for YM 
theory. It is argued that with nontrivial principal bundles one cannot define global Dirac's 
observables in the Shanmugadhasan sense. 

In Section 9 the non-linear and non-local physical Lagrangian and Hamiltonian of pure 
YM theory are determined; the Green function of the square of the covariant derivative 
is needed for this derivation and the final result is an explicit realization of the abstract 
"Riemannian metric on the space of connections" introduced in Refs. [21]. Also the 
non-Abelian and topological charges are expressed in terms of Dirac's observables. One 
obtains the determination of the classical physical Lagrangian and Hamiltonian of QCD, 
after the global decoupling of the gauge degrees of freedom connected with the small gauge 
transformations. 

In Section 10 a sketch of how to remedy the lack of Lorentz covariance is given. 
Moreover an analysis of the implications of the noncovariance of the canonical center-of- 
mass positions, which are Dirac's observables and should exist also for field configurations, 
is done and it is shown how this could provide a definition of an intrinsic ultraviolet cutoff. 
This can be a first tool for the understanding of how to quantize and regularize nonlocal 
field theories. 

In the Conclusions the open problems of the relativistic presymplectic approach to 
classical string and gauge theories are presented. 
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2. Definitions and Basic Properties of YM Theory 

Let us consider YM theory [22] in the case of a trivial principal bundle P{M'^, G) = 
X G over the flat Minkowski space-time M^, whose coordinates are x^^ and whose 

metric is 'q^^ — r]^^ — (H ), and with structure group a compact (so that 'K^iG) = 0, 

where Tik{G) denote the homotopy groups of G), simple (semisimple), connected, simply 
connected (7ri(G) = 0) Lie group G, with compact real simple Lie algebra g (in the 
semisimple case g is the direct sum of simple Lie algebras, so that G is a direct product 
of simple Lie groups). Therefore G can be SU(n), Spin(n) (the universal covering group 
of SO(n)) for n > 5, Sp(n), G2, -F4, and the universal covering spaces of E'e, E't; for 
these non-Abelian G one has Tii{G) = n2{G) = 0, 7r3(G') = Z. For G connected, simply 
connected the center Zq = {a E G\ab = ha for every b e G}, a closed Abelian Lie subgroup 
of G, is discrete (for SU(n): Zsu{n) — ^n) and the Lie algebra g has a vanishing center 
Zg = {u & g\[u,t] = for every t e g}. 

See Refs.[23] for reviews of YM theory and Refs.[24] for the needed background in 
differential geometry. 

We shall choose a 3+1 splitting of M^; the treatment of Lorentz covariance will be 
done later on in Section 10. Since we are not giving boundary conditions at x° ±00, 
because we will be working in the fixed-time Hamiltonian formalism, the bundle P has to 
be viewed as the union over x" — ct of fixed-time trivial principal bundles P^{R^,G) = 
{R^ X {x°}) X G X G with the same structure group but with base manifold the 

Euclidean space R^ associated with the 3-1-1 splitting; certain boundary conditions at 
spatial infinity will be assigned to the connections and gauge transformations over P*. 
Analogously, at the Lagrangian level, the action will be considered in a fixed time interval 
Ax" — Xj — x°. A priori only P^^ — Ux°eAx°P^ is well defined in every 3-1-1 splitting: 
since we are going to assume that the Poincare group is globally implemented, this implies 
that in the limit a;^ — > 00, a;° — — cxo, in every 3-1-1 splitting, the original trivial principal 
bundle P is recovered; but we do not make any assumption on the x" asymptotic behaviour 
of the connections and gauge transformations over P, since this is a dynamical issue. 
Therefore rather than P, the actual geometrical structure we are going to use in what 
follows is P = U_oo<a;°<+oo-P*- Let US remark that in this way we immediately break 
conformal invariance, but this is justified by the following reasons: i) the conformal group 
cannot be globally implemented on the Minkowski space-time; ii) the Casimirs of the 
conformal group do not have a physical interpretation like the Casimirs of the Poincare 
group; iii) conformal invariance is in any case broken by quantization and regularization. 

Since our principal bundles are trivial (tt : P(M^, G) is the canonical projection; 

the local coordinates of p G P are p = {x, a), x G M"^, a E G; the free right action of G on 
P is R^ : P X G ^ P, {p,b) ^ R^{p, b) = p ■ b = {x, a6)), they admit global cross sections 
from the base manifold to the bundle manifold and instead of speaking of connections on 
either P or P*, we can use global gauge potentials, i.e. their puUback to the base manifold 
by means of global cross sections. While a global cross section um : M'^ — > P associates a 
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gauge 4-potential "'^Aa,j,{x) on (a is an index in the adjoint representation of g) to each 
connection on P (i.e. to each connection 1-form on P; '^'^ Aa^{x)T°'dx^ — a'^u'^, where 
(T* is the pull-back of the differential forms on P to those on ilf^ and T", a=l,..,dimG, a 
basis of generators of g in the adjoint representation of g on g), a connection on gives 
rise to a vector gauge potential '^^Aa{x,x°), depending on the parameter x°, on by 
means of a global cross section : ^ P*: in P^{R^, G) the a;°)'s do not have 

an interpretation like gauge potentials, but instead are independent fields. The boundary- 
conditions at spatial infinity for the fields and the gauge transformations, in each 3+1 
splitting, will be chosen in such a way to have finite Poincare generators and covariant 
non-Abelian charges; subsequently they will be refined to exclude the Gribov ambiguity. 
Higgs fields and monopole solutions, which require special boundary conditions, are not 
considered in this paper. 

If, in each point p of the trivial principal bundle P, we consider the tangent space 
TpP, then its subspace VpP C TpP of vertical vectors tangent to the fiber G through 
p is intrinsically defined; moreover, by using the right action R^ of G on P, with each 
element t & g can be associated a fundamental vector field X^, which is vertical in each 
p & P: Xt\p & VpP. Instead, there is no intrinsic notion of horizont ability. To introduce 
such a notion one defines a connection ^ on P (described by a differential 1-form uj"^ 
on P): it implies the existence, in a differentiable way and covariantly with respect to 
the action R^, of a direct sum decomposition TpP = VpP © H^P, in which H^P is 
the ^-horizontal subspace; vectors in H^P are said ^-horizontal. Then with each curve 
x(s), s e [0,1], in the base manifold, through each point p=p(0) in the fiber over x(0), 
one can associate a unique ^-lift, i.e. a curve p(s) starting at p(0), projected to x(s) 
by the canonical projection tt : P — > and with all its tangent vectors ^-horizontal: 
one says that p(l) has been obtained by parallel transport of p(0) along p(s) or, more in 
general, that the fiber 7r~^(a;(0)) has been parallel displaced along the curve x(s) in the 
base manifold (in this way one can compare directions in different fibers). Instead of fibers 
one can parallel transport other geometrical objects (p{x) (like matter fields, which are 
cross sections of bundles associated with P, whose fibers are representation spaces of G 
and with the same base manifold and structure group) defined on the base manifold along 
a path 7 C M^: if '^^^ is the gauge potential associated with the connection A by means 
of a global cross section a : — > P A^j^dx'^ = a*uj'^), one defines the non-integrable (or 
path-dependent) Wu-Yang phase [22b] or parallel transporter V{j; a) = Pexp A^dx^ 
(P denotes path ordering); the gauge transformation properties (2-1), (2-8) (see later 
on), of A^ are equivalent to the requirement that (j){x + dx) and V{x + dx <^ x\ A)(l){x) 
have the same transformation properties (integral formulation of YM theory) ; in this way 
one also defines the covariant derivative of 4>{x) as the difference between (j){x + dx) and 
V{x^dx ^ x: A)(p{x), the parallel transport of (p from x to x+dx (the covariant derivative 
(2-5), see later on, is the ^-lift of the derivative in the base manifold). By means of the 
exterior covariant differentiation of the connection 1-form oj-^ one gets the curvature 2- 
form Q-^ on P, whose pull-back by means of a cross section gives the field strength 2-form 
F = F^ydx^ A dx^ = 2(7* O"^ on M^. When Vl-^ — 0, the connection is fiat, i.e. integrable: 
there exist global maximal integral manifolds (^-horizontal cross sections), whose tangent 
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space in each point is the ^-horizontal subspace -H^-P in that point. When fl-^ ^ 0, the 
connection is not integrable and such maximal integral submanifolds of P do not exist 
(notwithstanding that ^-horizontal cross sections may exist). This is due to the existence 
of the holonomy group of the connection: if we consider the ^-lift of a loop a in 
(x(s), s G [0, 1], x(0)= x(l)) through p(0) with 7r(p(0)) = x(0), then, in general, one has 
that p{l) = p{0) ■ a ^ p{0), a & G, n{p{l)) = x{0); the set of all the group elements a 
of G obtained in this way by considering all possible (contractible) loops through x(0) is 
the (restricted) holonomy group ^■^{x{0)); when P is connected like in our case, for every 
X G one has ^-^{x) ~ i.e. all the holonomy groups are isomorphic. When = G, 
the connection is said "fully irreducible": this implies that every two points in P can be 
joined by a ^-horizontal curve in P, i.e. the holonomy bundle P-^{p) (the set of points 
of P which can be joined to p by a ^-horizontal curve) coincide with P for every p G P, 
P-^{p) = P. 

We shall use the passive interpretation of gauge transformations as changes of global 
cross sections at fixed given connection cj-^: if Q denotes the group of such gauge transfor- 
mations and a : ^ P is a global cross section, then U E Q is a. mapping U : G 
such that au{x) = a{x) -U (x) defines a new global cross section ajj (the group operation in 
G generates a pointwise product for the U's) and for each given connection on P the gauge 
potential on transforms as ^^(a;) ""^Aix) = U-'^{xyA{x)U{x) + U-'^{x)dU{x). 
The Lie algebra gg of Q is the space of all infinitesimal gauge transformations (see Eqs. 
(2-8) later on) parametrized by (7- valued functions ^ : — > gf, ^{x) = ^a{x)T°' ; it is 
a Lie algebra under pointwise Lie bracket of g. For trivial principal bundles P(M^,G), 
Q is formally isomorphic to the group of vertical automorphisms AutyP of P (which is 
well defined also for non-trivial principal bundles, in which only local groups Qx can be 
defined in neighbourhoods of each point x G M^, because global cross sections and gauge 
potentials do not exist; AutyP is a group under composition and hence a subgroup of the 
group of smooth diffeomorphisms of P; if / G AutyP, then the automorphism f : P ^ P 
is such that its projection on is the identity map on M^) and to its two isomorphic 
copies GauP = {7 : P — > G\'y{p ■ a) = a~^^{p)a f or every p & P,a E G} of smooth maps 
from P in G and T{AdP) of the global cross sections of the adjoint group (not principal) 
bundle, denoted as AdP = PXj\dG [an associated bundle of P over with standard fiber 
the vector space of the adjoint representation of G on and with G acting on itself with 
the adjoint (not free) action]. Since in our case Zq is discrete, the gauge transformations 
in the center Zg of G are constantly equal to the elements of Zq (so that Zg ~ Zq)'- 
U e Zg, U : Zg, X ^ U{x) = a e Zq for every x G AP^. In the case of P*, a 

priori we have the group of gauge transformations Q^o , which contains the fixed-time gauge 
transformations of '^A{x,x") [i.e. the mappings U : x {x°} G, {x^x") 1— > U{x,x")]; 
but then, after the phase space analysis, Qx° is enlarged to a group Q^o, which may be 
larger than Q (see later on Eqs. (2-36)). However, since Qx° is assumed independent from 
x° and since we have Q C Q^" every x°, we shall speak of Q (the true invariance group 
of the action; Q^o is the quasi- invariance group) also in the case of P*. 

Let us remark that a priori in AutyP and in GauP there could be a subgroup iso- 
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morphic to the structure group G (with our trivial principal bundles it exists): Gq = 

{fa G AutvP\fa{p) = P • a for every p G P, i.e.'^f^{j>) = a G G forjf^ G GauP}, so that 
the resulting active action of gauge transformations on P is a right action. The induced 
active action on gauge potentials corresponds to vary the connection uj"^ taking fixed 
the cross section a: " A{x) Af {x) = uj''\xyA{x)U^/^~\x) + U^/\x)dU^/'^~\x). 

Prom U-^xyAf{x)U{x) + U-^{x)dU{x) = '^^A^x) = U^''''\x)[U-^{xy A{x)U{x) + 

U-\x)dU{x)]U^/''^~\x) + Uf''\x)duf"^~\x), one obtains uf\x)U{x) = U{x) 

Uf''\x): in this sense the active and passive interpretations commute and one can think 
to the passive action on P as resulting from a left action au{x) — a{x)U{x) = {ku • cr)(a;), 
ku G G. When Go exists like in our case, then in the group Q there is a subgroup Qg 
isomorphic to Gq ^ G {iiU & Qgi then U{x) = a e G for every x G M'^) with a left action 
on P. 

To our understanding there is a gap between the abstract mathematical description 
of gauge transformations with AutyP, GauP and T{AdP) (to be made rigorous by the use 

of some Sobolev space, see Section 6) and the physicist description by means of ^; we shall 
try to clarify this point in what follows (see Section 3) and to show that a more careful 
choice of the functional spaces is needed to have the two descriptions implying the wanted 
physical results. 

In the passive interpretation Q describes the freedom to parametrize a given connection 
on P in terms of the gauge potentials on associated with all global cross sections 
{a : — > P} G r(P) (r(P) is the space of cross sections of P); in Section 7 we shall 
define a connection-dependent foliation of the trivial P, whose leaves are special connection- 
dependent global cross sections (a family of special cross sections of this kind is called a 
"gauge" in Ref.[23e]): this will reduce the redundancy of the description of P by means of 

r(P). 

We shall use the following notations and conventions. The derivatives with respect to 
contravariant, x^, or covariant, x^, coordinates of are 5^ = , = = (d°; d = 

{5*} = —V), where by definition the 3-dimensional gradient is V = {V*} = {di} = 
{—9*} = —d. For all the other Euclidean 3-vectors we have v = {f and = {v"; v). The 
d'Alambertian operator is □ = d^d^ = — d"^ = — V^. For the totally antisymmetric 
Levi-Civita tensor e^j^pa = —e^^^", we assume e^^^'^ = e^^^ = 6123 = 1, where e^^^ = €ijk is 
the 3-dimensional antisymmetric tensor. The summation convention on repeated indices 
is assumed. With regards to units, we shall use natural units [c] = [^] = 1 , so that 
from [c] = [lt~'^] and [h] — [mPt~^] one gets [/] = [t] = [x°] = in these units the 

electric charge e is adimensional since = ahc {a is the fine structure constant); then the 
dimensions of the gauge potential and of the field strength are [A] = [m^/^t~^/^] = 
and [F] — [/~^] (when one does the rescaling A — gA, the coupling constant g, replacing 
e in the non-Abelian case, is also adimensional in these units); the dimensions of fermion 
fields is are [ip] = [m^/^/~-'^/^t~^/^] = [/~^/^]. The natural units are used at the classical 
level for the sake of simplicity; we shall argue later on that for a YM field configuration 
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belonging to a time-like irreducible Poincare representation the quantum unit h could 
be replaced by the classical invariant intrinsic (i.e. field configuration dependent) unit 
^_^2/p2 = I S^l, where and 

are the Poincare Casimirs and S is the rest-frame 

Thomas spin of the configuration. 

Since the Lie algebra g is (semi)simple and compact, we shall use completely anti- 
symmetric structure constants Cabc (the Jacobi identity is CabdCdce + CcadCdbe + CbcdCdae = 
and the Killing-Cartan metric is gab = {f'',f^)g = Tr{f''f^) = - ^Sab) and the following 
notations and normalizations 



2 dimG C2\ad) 



{f')ab = Ccab, Trf''f'' = ~S"^K 



both for the abstract generators t"" and for the generators T" of any matrix representation 
p, with denoting the generators of the adjoint representation ad of g on g. Here C2{j) = 
—SabT'^T^ is a normalized form of the second degree Casimir element C2 = —gabt°'t'^ [23i]. 
Let us remark that often in the physical literature one uses hermitean generators = iT°', 
so that one has [T", T^] = icabc^'^ 



In the configuration variables are the gauge potentials A{x) = Aafx{x)T"-dx^ (we 
drop the superscript denoting the dependence on the cross section), which are globally 
defined since is topologically trivial and P[M^^ G) is trivial. The gauge potentials 
Af^{x) have the following transformation properties under (also called 2nd kind) gauge 
transformations, i.e. under the smooth mappings U : G, ^ U{x) 



A^{x) ^ A]^{x) = U-\x)A^{x)U{x) + U-\x)d^U{x) = 

= A^{x) + U-\x){d^U{x) + [A^{x), U{x)]) 



(2.1) 



We see that every gauge potential is invariant under the gauge transformations belonging 
to the center Zg of Q. Therefore the group of gauge transformations does not act freely on 
the space of connections (or on the associated space of gauge potentials): Zg ~ Zq is the 
stability subgroup of a generic connection (according to the chosen function space there 
may be special connections with larger stability subgroups of ^). 

The gauge fields or field strengths are 
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With the 1-form on A{x) = A^{x)dx^ , one gets that the field strength is described 
by the 2-form F{x) = lFf,^,{x)dx'' A dx" = dA{x) + ^[A{x), A{x)], where [A{x),A{x)] = 
[A^{x),A^{x)]dx^' A dx". 

The field strengths have the following transformation properties under gauge trans- 
formations (they too are invariant under U E Zg and, according to the chosen functional 
space, some of them have larger stability subgroups of ^): 



F^u{x) ^ F]i,{x) = U-\x)F^,{x)U{x) = F^,{x) + U-\x)[F^,{x), U{x)] (2.3) 
and satisfy the Bianchi identities 

^i^)F^^ + ^^^)F^« + ^('4)F«^^0, or D(^)*F^^ = (2.4) 

which are the integrability conditions for the existence of A^(a;). In Eqs.(2-4) *Fi^'^ = 
^^fj-t^app^^ is the dual field strength (* is the Hodge star operator [241,o] and = 
_ ig^ii/pCT^^^^ = — **F^^), while D^ff^ is the gauge covariant derivative, whose action on a 
matrix quantity M = MaT"- in the representation p is (in the first and last lines one has 
A^^^ = Ai'^T-) 



Df'"^{x) = {d^^A^^\x))i,{x); 



the second line gives its form D^^^ in the adjoint representation and the third line its action 
on a matter field '^{x)-, whose transformation properties under gauge transformations are 
i\}{x) I— > i^P [x) = p{U~^{x))'ip{x) = U^f^~^{x)'ip{x), if p is the representation of G to which 

the matter field belongs. The covariant derivative has the property [D^f \ D[f^ = 
[F^^'J^M]. Eq.(2-1) may be written in the form Aj^ {x) = A^{x)+U-^{x)dI'^^U{x). Instead 



on matter fields one 
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When Aij,{x) = U~^{x)d,jU{x) (pure gauge), one has F^i/(a;) = 0. Viceversa, F^i, = 
will imply only the pure gauge solution for A^, because in this paper the base manifold 
M will be connected {no{M) = 0) and simply connected {ni{M) = 0) and moreover 
topologically trivial {TTk{M) — for every k, where nk{M) is the k-th homotopy group of 
M); when 7ri(M) ^ the pure gauge (vacuum) solution is not unique [25]. 

Let us remark that often one uses a different notation: i) ip'^ = p{U)'ip; ii) 

dJ,^^'^) =df,- (on matter fields) and D^,^^'^^ = d^, - [A\f\ .] on matrices M = MaT"" 

iv) F^i, = d^Ai, — duA^ — [A^,Ai,] ^ = UF^jyU~^ (essentially one has to do the 
substitutions U —>■ and A — > —A). To use hermitean generators = iT°' one has to 
make the substitution A^ = Aa^T"- = —iAa^T"- = —iA^ in both the notations. 

The YM action and Lagrangian density are respectively 



r.2 

S = / d'^xC = / dx"L, L = I d-'xC 



'-2 

74. 



1 Jxl 

r — -^—TrF^^" F — —F^^^F 

2g2 -^Pi' - 4g2-^a ^atj,u, 



(2.6) 



where g is a dimensionless parameter; when one wants to interpret it as a coupling constant 
one does the rescaling A = gA and one has C = \Tr F^^ F^^^j, with F^,^ = dj^^Aj, — dj^A^ + 

= g-^F^, and either D^^''^^ = 9^ + giif^ or 0^^'"''^ ^d^ + gji^^^^ .]. In the 
Abelian electromagnetic case one uses A = eA (g = e) so that C = —^F^^^F^j^ and the 
covariant derivative acting on matter fields is D\f^ — + eA^. 

The associated Euler-Lagrange equations are (= means evaluated on the extremals of 
the variational principle; their functional form is modified by a factor —g'^ with respect to 
the standard expression to conform with the physical literature notation): 

dAau od^Aau (2.7) 

and, given local variations 5x^^ = 0, 5oAa^{x) = Aa^{x) — Aa^{x), one gets 

5oC = ^[SoAaf^L^ - d^{FrSoAa.)] 
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S is invariant under the gauge transformations (2-1), (2-3), whose infinitesimal form, 
when U{x) = e"(^\ a{x) = aa{x)T°' = —a^{x), is 



SAfj^{x) = D^^^a{x) = d^a{x) + [A^{x), a{x)] 
dAa^{x) = d^aaix) + CabcAb^,{x)ac{x) = o'-^labix) 
6F^,ix) - - Di^'^dA^ix) = [F^A^), a{x)] 

SFai^^{x) = CabcFbi^i^{x)ac{x) 

The invariance of S under the gauge transformations generates the foUowing Noether 
identity [5c] (usually one uses the notation = for the conserved Noether current and 
^la ~ Ja ^he one associated with rigid global gauge transformations) 

dC dC 

d^G'' = -^Ma^L(^=0 (2.9) 
G'^ix) = TT^^SAa. = aaix)G^^ix) + d,aaix)GZix) 

o 

Giaix) = Cabc'^ri^)^cui^) = \cabcK''i^)^cA^) 

where tt'^" — — = —F^^'^/s:'^ 



The canonical momenta are 

< = = g-^Ff = g-i^r (2.10) 
Eqs.(2-9) give rise to the Noether identities ((//z^) means symmetrization) 



d^GZ ^ -Gl - = ^{CabcFrAe. - K)-^CabcFrAe. (2.11) 

d^G^a = ^CabcAb^L^^O 
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The contracted Bianchi identity, correlating the equations of motion, are obtained 
from the last of Eqs.(2-ll) by using the second one: 



b\f^L^ = (a^L^ + CabcAb^,L'^)f- = (2.12) 
The subset of Eqs.(2-ll) relevant for phase space are 



^0 _ ^00 MOO) _ f. 

= ao7r° = a • Tfa - ^.Goa = d ■ TTa + G^, + = 

g 

- ^ 1 o -^^^ 

= d ■7fa + Cabc^b ' TTc + —L'a=Dab ' 



(2.13) 



One sees the primary, tt^ ^ 0, and secondary (Gauss' laws), —D^j^ • tt;, ~ 0, Hamilto- 
nian constraints emerge from the Noether identities. 

The strong improper conservation laws (Appendix H of Ref.[5c]; see also Ref.[13], 
where they are called super conservation laws) d^V^ = 0, implied by Eqs.(2-ll), identify 
the strong improper conserved current (strong continuity equation): 



with the superpotential 



^2^'^^ a —'^v'-'a — ^2'-^abcJ- b — '^la 



g2 a 



Instead the Trautman strong conservation law is 



d^{G''{x) + ^aa{x)L^{x)) = 



When a = aaT"' = const., one speaks of "rigid" or "global" (or 1** kind) gauge 
transformations, which are improper Noether symmetry transformations. In the Abelian 
case this implies dAjj^^x) — d^a = 0; in the non- Abelian case from Eqs.(2-8) one has 

5Aa^.{x) = D^i^^ctb = CabcAbfj.{x)ac (i.e. under them Aa^ transforms covariantly as a 
tensor). Therefore the global gauge transformations U — are covariantly constant 
{d^U — 0) in the Abelian case (with G=U(1) the adjoint action is trivial and T{AdP) is 
globally spanned by covariantly constant cross sections independent from the choice of the 
connection), but not, in general, in the non- Abelian case where L>{f^C/ = [A,,, C/] 7^ (the 
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special solutions of this equation for certain special connections are the "gauge symmetries" 
of these connections), except if U belongs to the center Zg of Q (but this corresponds in our 
case to Ota = 0, because with Zg ~ Zq discrete one has Zgg ~ = 0, i.e. the center of the 
Lie algebra gg of Q vanishes). As a consequence in Ref.[26] it is stressed that an intrinsic 
definition, like covariant constancy, of the 1** kind gauge transformations is lacking in 
the non-Abelian case, so that the Abelian charges of fermions are on different level with 
respect to the non-Abelian charges, which exist also without charged matter. However, if 
we define the global (rigid, 1** kind) gauge transformations as that subgroup of Q under 
which all the gauge potentials transform gauge covariantly (like in the Abelian case), then 
this is also a definition of 1** kind gauge transformations on fermions: while the Abelian 
charges are gauge scalars, the non-Abelian ones, with appropriate boundary conditions 
on the gauge transformations (see later on), turn out to be well defined gauge covariant 
quantities [27]. But, like Ref.[26], also Ref.[27], following the pattern of the definition of 
energy in general relativity, uses the concept of covariantly constant gauge transformations, 
D^f^U = 0, associated with special connections, to try to define the non-Abelian charges; 
as examples, the magnetic charge of the t'Hooft-Polyakov monopole and the electric and 
magnetic charges of the Julia-Zcc dyon are evaluated (however Higgs particles and different 
boundary conditions are needed in these cases). A full analysis, with fermions included, of 
the Abelian and fiavour-like charges associated with a connection with gauge symmetries 
(i.e. with a stabilizer subgroup Q'^ of gauge transformations satisfying D^f^^U = 0) is given 
in Ref.[28]. 

The associated weak improper conservation laws are a^G'^„=0 with = -Cabc 

Fl^^ Acv / , i.e. the last of Eqs.(2-ll). The (adimensional) weak improper conserved 
charges Qa are 



Qa = j d'xGla = -^CabcJ d''xF^^A,k=Q^P = 



I 



g 



^ J d\diFi° = J d^kUi^'^^ 



d^kF'a 



kO 



g' 



dE-Ea 

(2.14) 



We see that the Noether charge Qa (vanishing in the Abelian case in absence of charged 
matter) coincides with the strong improper conserved charges qI^^ (for which the strong 
continuity equation holds independently from the equations of motion [13]) only by using 
the equations of motion: in Ref.[13] it is the second line of Eqs.(2-14) which are called 
Gauss' laws. 

Qa is time independent if Gia falls off sufficiently rapidly at large \x\. To get Qa 7^ 
in the chosen gauge one needs Ea = 0(r~^) for r = |x| going to infinity; if Ea fall off more 
rapidly, the charges vanish. In Eq.(2-14) one integrates over a region Q of R^, (subsequently 
enlarged to if the limit exists) and dE is the integration measure on its boundary dCl. In 
the Abelian electromagnetic case without fermions this charge vanishes, while in presence 
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of fermions it measures the fermionic Abelian (for instance electric) charge. In the non- 
AbeUan case the fields are charged also in absence of fermions and the Qa's, if they exist, 
are the "color" charges, using the terminology of QCD. 

In Eqs.(2-14) we have introduced the following notation with non- Abelian electric and 
magnetic fields ('x' is the cross-product) 



B'a = -\e^''Fl^ = = -{d X Aa)" - \ca,M, X A,f = 

1 ^ ^ ^ 

= -{[Dac - ^CabcA,] X A,) = gB^ F^^ = -e^^^Bl 

d-Ba = —Cabcd- (Ab X Ac) 



According to our conventions the Euclidean vectors are always defined with upper indices: 
Ba is only defined as an Euclidean vector and all the lower Euclidean indices of Lorentz 
tensors have to be raised with the Minkowski metric before interpret them as real Euclidean 
indices. 

With Eqs.(2-15), we can rewrite [21i] £ of Eqs.(2-6) and L^=0 of Eqs.(2-7) in the 
following forms 



^ = = ^ ^(EI -BI) = - ^(^a - ^o) = 

1 • ^(A) ^ 1 2 (2-16) 

= ^ - ^ab At) -{dxAa+ ^CabcAb X A^) } 



T° 



= -Dab ■Eb = D,, -Ab 
= -Dif + xS, 



A(A)2 .o^P, 



(2.17) 



= ^i?°(-^6c Al + Ab) - D,, X [{D,, 



(^) 1 



-^CbdcAd) X Ac]=0 



" (A')2 ->'^ ' -» V/ 

where -D^^ = -Doc ' -^c6 ^^e generalized Laplace-Beltrami operator. Let us re- 
mark that, up to surface terms, i.e. with appropriate boundary conditions, one has 
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J d^xUa{x)D^f, vt{x) = j (i^xf-D^^ •Ua(a:;)]^^6(a;), SO that D^^ = -D^^^ , where D^f^ 
is the "adjoint" of . 

One has i Ea = ii^a^.i^a'^' = [^d^AHd^Ai - d^A^) + Cabcd'AjAlAi + 
IcabcCauvAlAiAlAi]. Moreover one has \*F^''Fa^u = -Ea ■ Ba = -g^^a ■ Ba for the 
gauge invariant density of topological charge and, from Eqs.(2-4), the Bianchi identities 

(A) 

become 3^^ ■Bb = Q and D[t^°Bl = e'^^D^^^^E^. 

The action (2-6) is quasi-invariant under the Poincare transformations [23a,g] (^^(a;) 
is assumed to be a covariant four- vector): 



Sxi" = -a^ - uj^.x\ u^^ = = d^Sx'' d^Sx^" = 0, 

SA^{x) = A^{x + dx) - A^{x) = 

= 5oAf,{x) + Sx'^d^A^ix) = -u^^A^ix) = -{d^5x'')A^{x) 
8oA^{x) = A^{x) - A^{x) = 

= -Sx^d.A^ix) - {d^Sx'')A,{x) = -Sx^'F^^ix) - D^f^Sx'' A,{x)) 
SoF^,{x) = b^^^HoA,{x) - b[fHoA^{x) 



SC = SoC - d^Q>' = ^SoAa^L^ - d^i^FrSoAa, + n'^) = 0, 

= -Sx^'C (2.19) 

where a term ^^X^"', X^"" = -X"'', d^d^X^"" = 0, with the superpotential = 
g~'^ F^'^ AaaSx"' , has been added to O^. See Rcfs.[29] for the problem that space-time 
symmetry Noether transformations are ambiguous for terms corresponding to gauge trans- 
formations. The conserved Noether current is 



0= - ^SoAa^^L^ = d^{^^ + d^X^"" + ^FH'^SoAa.) = d^ie^^Sx, - ^Sx'^Aa.L^) = 

§ § § 

where 0^^'^ is the standard conserved, symmetric, trace-free, gauge invariant energy- 
momentum tensor 
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= e^'i', 6"^^ = 0, a^6"^^=o 

and where 9^^ — 9^^ — g~'^5x^ AauL'^^9^^ is a form of the energy-momentum tensor 
relevant for phase space and M.^"^^ = x'^9^^ — x^9^°' is the angular momentum density- 
tensor. 

The conserved Poincare generators = J d'^x9°^, J^'^ = J d^xM"^'^ ^ have the 

expression [E — EaT"', B = BaT"^; He, H^, ra{x), P*, J* and are phase space 
quantities to be defined later on) 



= J d^x9^^{x,x°)^ J d^xr°{x,x°) ^P° = Hc = 

= J d''x{9°''{x,X°) + \ao{x,X°)TTl{x,X°)) = HD, 

"a a ^ 

P' = j d^x9^\x, X")= j d^xr\x,X°) = - J d^XTTa{x,X°) ■ d'Aa{x,X°) = P\ 
9'''^^{EaXBaf ^{naXBai 

eoi = e-'-g-^AiL: = 9°'-Aira, 

ji ^ ^^ijkjjk ^ J d^xe'^^x^9^^{x,x°) = d^A^ X x Ba){x,x°)]' = 

= j d^x[xX {TTa X Ba){x,X°)]'= j d^ Xe'^^ X^ 9°^ {x , X°) = 

= e'^^ j d^x[iTi{x, x'')Al{x, x°) + Tfa{x, a;°) • x^d^Aa{x, x")] = J\ 
K' = = [ d^x{x'9"''{x,x°) - x°9''\x,x'')) = [ d^xx'9"''{x,x") - x"P'= 



(2.21) 



d^xx'nD{x,x°) - X°P' = K' 



To obtain the final form of P*, J*, Eqs.(2-15), an integration by parts and L° = g Va=Q 
have been used. Since 7r°(x, x°) = at the Lagrangian level, this term has been added to 
9°° to reproduce Ho ^ J d^xUnix^x") of Eqs.(2-27), see later on. 

The Poincare algebra satisfied by this final form P'^, J^^^ of the generators is (for the 
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definition of Poisson brackets see the subsequent Eqs.(2-29)) 



|pM^p^}=0 {J'*^,P"} ^ry^'^P'^ -//"'^P^ 

In particular {J*" = K^,P° — Hd} — can be reinterpreted as the time constancy of 
K\ dK'/dx° + {K\ Hd} = 0. 

In what follows we shall restrict ourselves to field configurations for which the 10 
Poincare generators are finite when integrated over all P'^, so to have well defined Poincarc 
Casimirs and to be able to study the Poincare orbits of the field configurations. If there 
are no singularities at finite x = r{sin$cos(f),sindsin(f),cos9), a set of sufficient boundary 
conditions to get finite P'^, J^^ is 



e"%x,x"),e"\x,x'') r^oo 



X 



j.4+2e 



(2.23) 



which can be satisfied in at least the two following ways: 



either i)Fa^,{x,x') r ^oc + o{r-') 



orn)Ei(x,x°) = F'%x,x'') r ^oo +0(r-^) (2.24) 



B\{x,x-) = -\e^^^Ft{x,x") r^oo + o(r-^) 



so that we can assume 



either i) Aafj,{x, x°) r — > oo '^"^^^j'^' ^ ^ + Q(r ^) 

orii)Ai{x,x') r^oo ^^^^^^^ + 0{r-^) (2.25) 
A:{x,x^) r-oc <i^L^ + 0(r-^) 



The behaviour of Eqs.(2-24) and (2-25) requires a restriction on the gauge transforma- 
tions U{x), to be valid in every gauge: see later on Eqs.(2-40). The set i) are the "strong 
boundary conditions" lim^^oo rAi{x) = of Ref.[30]: for e = we get the "weak boundary 
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conditions" , allowing not only finite Poincare generators in general but also the existence 
of monopole solutions (see also [231i]) when Higgs fields are present, which, however, are 
not considered in this paper. The set ii) will turn out to be suited for the Hamiltonian 
formalism. In both cases i) and ii) there is the possibility of non-vanishing non-Abelian 
charges Qa for e — > 0. 

In case i), since, on M^, F^^, = implies that the gauge potential is pure gauge 
globally, i.e. = U~^d^U, Eqs.(2-25) imply that for r ^ oo (and also for \x°\ oo 
for instantons) we should have — U^d^JJoo + h^, with small for r — > cxd. In the 
Euclidean (instanton) case, a regular A^{x) will give finite Euclidean action and instanton 
number. Even if there is not a canonical procedure for this splitting, due to the cancellation 
associated with the pure gauge term in the evaluation of -F^j^, to get the behaviour of 
Eqs.(2-24) we can assume that is vanishing faster than Eqs.(2-25) (in the instanton case 
of Ref.[31] = 0(r^^) and — 0{r~^)). Under a gauge transformation with suitable 
boundary behaviour (like in Eqs.(2-40), see later on) one has F^i, — > = U~^F^^^U — > 

r^ooF^,, A^ = U-y^U^^+ b^^ A]i = U-'d^U + U-^A^U = {U^U)-^d^{U^U) + 

U~^b^U — > r-^ooU^^dnUoo + bn, so that the boundary conditions (2-24), (2-25) are 
unaffected by gauge transformations. 

Since we work at fixed time, or more generally on arbitrary space-like hypersurfaces, 
we do not consider the behaviour of Aa^ and Fa^u along null directions (see in the elec- 
tromagnetic case the radiation part of the Lienard-Wiechert potentials and field strengths 
[32]; see Ref.[33] for the radiation in the non-Abelian case). Only in the analysis of the 
massless sector, = 0, of YM theory, where one needs the reformulation with light-cone 
variables (see Section 10), this behaviour would become relevant. 

Let us define the Hamiltonian formalism. From Eqs.(2-10) and (2-15) we have 



7r0(f,x°) 



7r^(f,x°) = ^E,^(f,x°) 



(2.26) 



n^{x, x°) ~ are the primary constraints. 

The canonical and Dirac Hamiltonians are 
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J 2^ g2 

= P°- j d?xAao{x, x°)r„(f , (2.27) 



where we have discarded the surface term J d^xd{AaoT^ a), consistently with the boundary 
conditions of Eqs.(2-24), (2-25). In Eqs.(2-27) Taix) is the Hamiltonian version of the Euler- 
Lagrange equation L^, see Eqs.(2-13) and (2-17), and is given by 



Ta{x) = D^t, ■7fb{x) = -D^i, .^^^^x) = d,7rl + CabcAbiK=^K=0 (2.28) 



The standard Poisson brackets are 



5F 5G 5F 5G 



SAca {z) {z) Sn^ {z) SA^a {z) ' 
{Aa^{x, a;°), <(y, x°)} = S;SabS'{x - y) 
K(f,a;°),5^(y,a;°)} = e^^'^Di^^\x,x'')6\x - y) 

{Al{x,x'^),Tb{y,x'^)} = -D[f^\x,x'^)6^x-y) = 



(2.29) 



= -i5abdl + CacbAlix, x°))5\x - jT) = 
= -{dl-A\x,x"))^,S\x-y) 
{7rl{x,x°),Tb{y,x'')} = -CacbK{x,x")S^{x - y) = {n\x,x°))^^S^{x - y) 

{Bl{x,x"),rbiy,x")} = -CacbBl{x,x")S\x-y), 



where tt (x) = 7fa{x)f- (if ^ = gA, then tt^ = F^/g = 7r^/g and {^,^(f , a;°), <(y, x°)} 
= {Aaf,{x,x%7r^iy,x-)}). 
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Therefore the Hamiltonian formahsm requires the definition of the functional deriva- 
tives and this puts restrictions on the functional space of the gauge potentials Aa{x, x°), of 
the electric fields na{x, x") and of the fields x°), n°{x, x"). Moreover one has to define 

a suitable space of test functions to treat the distributions needed for the calculations. 

The time constancy of the primary constraints 

^7t^^{x,x'')H7t'^{x,x"),Hd} = ra{x,x") ^ (2.30) 
generates Gauss' laws as secondary constraints; their time constancy 

-^Ta{x,x")={Ta{x,x"),HD} = -CabcAboi^, x")T ,{x, x") ^ (2.31) 

ax" 

does not imply any other constraint. 
All the constraints are first class 



{7r»(£,x°),7ri;(y,x«)} = K(f,x°),r,(y,x°)} = 
{ra{x,x''),rb{y,x")}^cabcrc{x,x'')d''{x-y)^0 

and the Dirac multipliers Xao{x,x°) remain arbitrary. Due to the Jacobi identity the 
vector fields Xa{x,x°) = —{.,Ta{x,x°)} satisfy the algebra [Xa{x, x°) , Xb{y, x°)] = 5^{x — 
y)cabcXc{x,x°). The Hamilton equations are ("dot" means time derivative): 



AaoiXfX ) — {Aao{x, X°) , Hjj} — Xao{x., x'^) 

i^(f , x°)^{^^(f , x"), Hn} = -g^Tr'^ix, x°) + a'=^°(f , x") + CabcA^ix, x°)A',{x, x'^) 
7rUx,x°)={7r',{x,x°),HD} = r„(f,a;°) ^ 

7^'^{X,X")^7T^{X,X"),HD} = 

= -\d'Fl\x,x") - \cabcA'b{x,x'')Fl\x,x")-CabcAl[x,x'')T,^,[x,x") = 

= irdiF^''{x,x") + Cabc[i^Ab^ix,x°)F^''{x,x") - Aboix,x'')n^{x,x")] 

g g 

(2.33) 

By using Eqs.(2-10) the second and fourth of these equations become the first of 
Eqs.(2-15) and L'^=0, see Eqs.(2-17), respectively. 
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The Dirac Hamiltonian is a special case of the most general generator of fixed-time 
infinitesimal canonical gauge transformations, which has the form 



Sometimes Ggt is used as the extended Dirac Hamiltonian He, but its use as Hamil- 
tonian is in general not satisfactory; see Ref.[34]. In this Reference there is also the 
scheme for doing the gauge-fixing of a chain of l®*-class constraints: in the YM case, 
first one has to add the gauge-fixing constraints (pa ^ to Gauss' laws Fa ~ 0; then 

= {^a, Hd} = 'i/'a ~ are the gauge-fixing constraints for tv° ^ 0, so that gencrically 
the temporal gauge pa is not allowed; then = {tpajHo} ~ are the equations 
determining the Dirac multipliers A^o's. See also Ref.[5c,8]. 

As shown in Ref.[35] (see also Ref.[2c] and Ref.[36], where it is pointed out how the 
class of constraints may change going from a 3-1-1 splitting with space-like hypersurfaces 
to one with light-like ones), in the Hamiltonian formulation of classical field theory one 
has to make a choice of the boundary conditions of the canonical variables Aao{x,x"), 
7r°{x,x°), Aai{x,x°), 7rl{x,x°) = E\{x,x°)/ , and of the functions \ao{xiX°) (the Dirac 
multipliers) and Q;a(x, a;°) (generalizing the Aaoix^x'-'ys in Hd), which parametrize the 
infinitesimal gauge transformations, to give a meaning to the integrations by parts, to the 
functional derivatives and therefore to the Poisson brackets, to the proper gauge trans- 
formations. For the canonical variables the boundary conditions are given by Eqs.(2-24), 
(2-25) with 7r°(x, x°) assumed to have the same behaviour of A°g^{x, x°), its conjugate vari- 
able, i.e. 7r^(^, a;°)— >r^ooPa(^' ^°)/^^"'''^ + ^(^~^)- Therefore from Eqs.(2-28) one has 
Ta{x,x°) r ^ oo 7a(^, ^, 2;°)/r"^"'"'^ -|- 0{r~^) in both cases i) and ii). The Dirac mul- 
tipliers \ao{x,x°), which parametrize the infinitesimal fixed-time gauge transformations 
of Aao{x,x°) and behave like Aaoix, x°), see Eqs. (2-33), are assumed to behave like 
Aao{x,x°). Since the parameters aa{x,x°) describe the infinitesimal gauge transforma- 
tions of Aa{x,x°) (see Eqs. (2-8) and (2-36) later on), we could assume aa{x, x°)^r->oo 
5ia{0, (/), x°) / r^^"^ +0{r~'^): then 5Aa ~ r~'^~'^ and in case i) it will fall off more rapidly then 
Aa, while in case ii) like Aa {Sifa ~ r~^~'^ from Eqs. (2-8)). However, a more reasonable 
behaviour for the cua's is r"^"*^ like the Fa's. 

In this way Xao{x,x°), aa{x,x°) belong to the dual space of the space of the 1**- 
class constraints 7r°{x,x°), Ta{x,x°) [35, 2c, 36] and one has: i) these Aoo's and eta's, called 




d^x{Xao{x,x'')7r°{x,x°) - aa(f,x°)Fa(f,x°)} 




(2.34) 
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'proper' test functions, define the most general smearing of the constraints with test func- 
tions so that the knowledge of Ggt[Xao,cta] for all the proper Xao, eta is equivalent to 
the knowledge of 7r°{x,x"), Taix^x") for all x; ii) with these A^o, «a, Ggt[Xaoj c^a] = 
Ggt[Xao, Q^a] ~ is the generator of the 'proper' infinitesimal gauge transformations [35]. 
However as we shall see further limitations on the asymptotic behaviour of the proper test 
functions will come from the asymptotic behaviour of gauge transformations, see later on 
Eqs.(2-40). 

Since a generic variation of Ggt is given by 



SGgt[Xao,aa] = d x{Xao{x)S7r°{x) - 5Tfc{x) ■ -Dca Oia{x) + 

+ ChcaT^c{x)aa{x) ■ SAb{x) + J d^xd ■ [aa{x)67ra{x)] 



(2.35) 



we see that for proper gauge transformations the surface term does not contribute (as all 
the surface terms encountered till now), so that the functional derivatives appearing in 
the Poisson brackets are well defined and we get (these equations also define the space of 
allowed proper variations of the variables) 



SG 

S^aoix, X°) — {Aao{x, x") , Ggt} = — - = Xao{x, X°) 

OKi^i^ ) 

SAai{x,X°) = {Aai{x,X-),Ggt} = [^f = 

= -CabcO(b{x,x°)Aci{x,x") + diaa{x,x°) = Dl^^ab{x) 
6Kix,x°) = {Kix,x%Gg,} = -j^^^ - 

67ri{x,x'^) = {7ri{x,x^),Gg,} = -J^^^^ = 

— Cahc^hiX-iX ^Tl^i^X^X ) — C(jf)c^b("^' ^CXc.(^X^X ) 



(2.36) 



with 6Aai = SAai, SttI^ = ^tt*, in accord with Eqs.(2-8), and with SAao = Xao as the 
Hamiltonian fixed-time counterpart of SAao — Cabc^boCtc + doCXa — D^oal'^b- Under the 
fixed-time gauge transformations SAao and SAai, the Lagrangian is only weakly quasi- 
invariant [5b,c], i.e. 
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= \{di^[{Xao - doaa + CabcabAco)F°^] + (Aao - doaa + CabcabAco)K} 

= -^{Mi>^ao - Ditlab)F:^] + {Xao - D^o2cxb)K] 



where we used Eqs.(2-7), (2-12) and where L° = Va=^, Eqs.(2-28), are the Euler-Lagrange 
equations independent from the accelerations. We see that by restricting Xao-, Xao = ^-^aoi 
one recovers the standard gauge invariance of C. 

Let us now consider finite gauge transformations U. Since 5Aa — BA^ under infinites- 
imal gauge transformations, one has AA = A(^aT'*) = U~'^AU + U~^dU - A = AA. 
Instead, since 5Aao = Xao ^ SAao, let us write AAo = A(AaoT") = Ao = Aaof"- = AAo + 
U-^KU, K = Kaf"", with AAo = U-^AoU+U-^U-Ao] Xaof" is the infinitesimal form of 
Aq. Therefore, we have to check the gauge invariance of C{x) written in the form of Eqs.(2- 
16) under the finite gauge transformation AA and AAo = AAo + U~^KU. One finds the 

result AE = U'^EU - E = A[g-\Aa - D^f, Abo)T''] = -g-^U'^D K)U . Then, 

A>C = Ea [(K - D^, Kbf - El] = ^ [-2Ea ■ D^, Kb + {D^, K,f] = ^ [2KaD^, ■ 

Eb-KaD^t, -D^^ Kc + d-{KaD^f, Kb-2EaKa)]^- ^KaD^^ -D^^ i^c (modulo surface 
terms and Gauss' equation of motion). Since in the generic case the covariant derivative 

has no zero modes (covariantly constant solutions of D^f^ Kb — 0), one must have either 
Ka = 0, i.e. A^o = A^o, or Ka=0, i.e. AAo^AAo- Therefore, the group of gauge 
transformations of the theory based on P^{R^ x {x°}, G) may be larger than the group Q 
of P(M^, G), if we include quasi-invariance, i.e. AjC=0 and we accept Ka=0; at the level 

of infinitesimal gauge transformations this implies Xao{x, x°)^ Dl'^labixjX"), i.e. on the 
extremals the parameters Xao{x,x°) are not independent from the parameters aa{x,x") 
(this implies that the Aao's must be functionally dependent on the gauge potentials for 
consistency) and then 6C^0. 

As shown in Rcf. [35], when the functions Xaoix,x°), aa{x,x°) do not satisfy the pre- 
vious boundary conditions, Ggt[Xao,C(a] becomes a generator of "improper" gauge trans- 
formations (like the global or rigid ones associated with the color charges Qa, Eqs. (2-14)). 
However the functions Xao{x, x°) (and more in general all the Dirac multipliers associated 
with the primary l**-class constraints) are not allowed to be improper, because the Dirac 
Hamiltonian Hd must be a proper function, generating a mixture of deterministic evolution 
and proper gauge transformations. In the pure YM case the fact that improper Xao{x, x°)'s 
are not allowed, is refiected in the absence of improper conservation laws associated with 
them, because they are associated with the primary constraints. The second Noether the- 
orem [5c] shows that if one has a chain of l**-class constraints, only the last constraint 
of the chain is involved in the generation of the improper conservation laws: in this case. 
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as shown by Eqs.(2-14), only improper aa{XjX°), associated with secondary Gauss' law 
constraints, are relevant. With improper aa{x,x°), the surface term in Eqs.(2-35) can be 
written as 5Q[Q;a] with Q[aa] given by 



-I 



d^xd- [aa{x,x°)7ra{x,x°)] = 



lim 

1 — »oo 



d'Eaaix, X°) ■ TTaix, x°) (2.37) 



For improper 'rigid' or 'global' infinitesimal gauge transformations aa{x, x°) = aa — const. 
one has Q[aa] = '^a'^aQa^ see Eqs.(2-14). The generator of the improper infinitesimal 
gauge transformations, also taking into account Eqs.(2-34), is 

Ggt[Xao,aa] = Ggt[Xao,Oia] " Qf^a] ~ 

=^ Ggt[Ko,Oia\ ~ - / d^X TTaix, X°) ■ D^f^ ab{x,X°) PS (2.38) 

~ Q[aa] 



Let us remark that the non-Abclian charges Qa are not gauge invariant. Eqs.(2-14) 
should be defined on a ball Qr of radius r with boundary dQ^ to give 



Qa{r, x°) = f d^xAb .E^^-\ I d^xd ■Ea = -\ I d^-Ea 

S Jq^ g Jq^ g JdQr 

d\di{Fi^A,,) = \cabc f dE\ElA,o - e'^'^BiAl) 

g JdQr- 



dQa{r,x'') o 1 



(2.39) 



With Eqs.(2-24), (2-25) one gets Qa{x°) = lim^^^o Qa(r, x°) and dQa{x")/dx" = 0. 
However, as shown in Ref.[37], if one performs a finite gauge transformation U{x,x"), in 
general in the new gauge the new Noether charges are not conserved. This is due to 
the fact that, since from Eqs.(2-3) one has Ea{x,x°) — > E^{x,x°) — [x, x°)Ea{x, x") 
U{x,x°), the flux of E^ may not vanish asymptotically like the one of Ea- As shown in 
Ref.[23a], the gauge covariance of the charges Qa depends on the r — > oo limit of U {x, x°). 
Only if we assume limy^oo U{x, x°) — Uoo — const, independently from the direction, 
i.e. if the finite gauge transformations are "asymptotically rigid", one has a well defined 
covariance for the ^f- valued non-Abelian charges: 



Q = Qaf- ^ = Q^T« = U-'QU^, 
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so that if Q=0 (e 7^ in Eqs.(2-24), (2-25)) in one gauge, one has Q=0 in every gauge. 
The same conclusion is reached in Rcf. [33], where it is shown that the behaviour U{x, x°) 
— >r^cx) tt{9, 0, x°) [l+0{r~^)], preserving Eqs.(2-25), has to be restricted to a(0, ^, x") = 
const, from the requirement of covariant charges (see also Ref.[23b]). Let us remark that 
in the previous discussion we could have used aa = aa{x°) and Uoo = Uoo{x°), but we 
shall exclude these cases, because they break manifest Lorentz covariance in the sense that 
they are not preserved by going from a 3+1 splitting to another one. 

Therefore, to satisfy all the previous requirements, we shall assume the following 
boundary conditions for r — > oo on the finite gauge transformations, on the field configu- 
rations and on the gauge parameters 



28 



either i) 

U{x,x°) r — > oo + 0{r~^), U^q = const. 



a,{x,x-) r^oo ^ + 0(r-4) 

poo 

or %%) 

U{x,x°) r ^ oo Uoo + ©(r""*^), t/oo = const. 

u 
-7 



dU{x, x°) r ^00 {dU)^ = ^ + Oir-"^) 



r 



l+e 



00 



K{x,x^) r^oo ::^ + 0(r 



(2.40) 



Bi{x,x°) r^oo -^ + 0(r-4) 
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r,(f,x") 

While Eqs.(2-40) i) arc useful in the manifestly covariant Lagrangian approach, Eqs.(2- 
40) ii) are preferred in the Hamiltonian formalism and we shall see later on which kind of 
further restrictions are needed by the study of the group of gauge transformations and by 
the requirement to avoid the Gribov ambiguity. 

The pure YM non-Abelian charges are now well defined and gauge covariant. They 
are given as surface integrals, and their algebra cannot be evaluated with the Poisson 
brackets, but only with the Dirac brackets associated with some gauge-fixing of the gauge 
freedom [35] (see later on Section 9). It is expected that the QaS, when they exist, satisfy 
the same Lie algebra g of the structure group G, with the opposite structure constants, 
since they are associated with the passive interpretation of the gauge transformations and 
therefore with a left action; the structure group G, with its right action, will commute with 
the Qg ~ Gg ~ G group, with its left action, obtained by exponentiating the QaS. The 
origin of the QaS is in the improper conservation laws associated with the improper global 
(rigid, 1** kind) gauge transformations. Now, while the proper gauge transformations 
map one solution of the Hamilton equations onto a gauge equivalent one, this is no more 
true for the improper ones [35], which, in a sense, could be called "asymptotic dynamical 
symmetries" : the value of the charges Qa is in general changed (Q^ Qa)^ only the 
Casimirs of the realization of the Qa are left unchanged, like the invariant —2{Q,Q)g = 

Q^. Therefore one should not go to the quotient with respect to improper rigid gauge 
transformations; since in Section 9 we will find Dirac's observables corresponding to the 
non-Abelian charges, this would correspond to go to the quotient with respect to energy 
in a conservative system. See in this connection the surface integrals from the improper 
conservation laws at the origin of the asymptotic Poincare group in general relativity with 
boundary conditions of asymptotic flatness [38,35]. See also Ref.[39] for a discussion of 
surface terms in YM-Higgs theory, with particular emphasis on the monopole and dyons 
solutions. In electromagnetism surface terms connected with solutions of the Maxwell 
equations with vanishing total four-momentum (the = orbit of the Poincare group, 
classical basis of the infrared problems in absence of a mass gap) have been considered in 
Ref.[40], to try to avoid the breaking of Lorentz invariance in the charged sectors of QED. 

In Ref. [33] is also considered the limit of the charges at null infinity, as required by the 
study of non-Abelian radiation from spatially bounded sources (a retarded definition of 
color charge is used) , and it is shown that e = in Eqs.(2-25) is required. It is suggested 
that the angle dependence of a{9, (f)) may be eliminated in this case by imposing special 
boundary conditions at past or future null infinity on the gauge configurations. In Ref. [41a], 



"poo 

r^oo -^ + 0(r-^) 
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Appendix I, after a study of the boundary conditions needed in general relativity for the 
existence of the asymptotic Poincare generators by means of the spi framework [41b], the 
YM case in Minkowski space-time is considered. It is noted that both the problem of 
the angle dependence of lim^^oo U{x,x°) and the problem of the compatibility of charge 
conservation and Lorentz boosts can be solved by requiring as boundary condition the 
vanishing of the non-Abelian magnetic field strengths on the hyperboloid of unit space- 
like directions in the tangent space at i° (the point added at spatial infinity to get a 
conformal completion of Minkowski space-time). This condition leaves Eqs.(2-24), with 
e = 0, unchanged on space-like surfaces. See Ref.[26] for a discussion of the problem of 
localization in manifolds with boundary (i.e. in finite space-like regions) of the charges 
Qa in pure YM theory and Ref.[42] for the application of this method to a bag model for 
hadrons. 

Let us remark that as a consequence of Eqs.(2-15) one can introduce a magnetic charge 
Qi-) = -(l/2g) / d^X CabJ ■ (A X A,) = (1/g) Jd^xd-Ba = (1/g) / • which is 
gauge covariant as a surface integral due to Eqs.(2-40); but it is not conserved, because 
there is no continuity equation deriving from a Noether symmetry of the action. This is 
different from the situation of magnetic monopoles and of their magnetic charges both in 
the Abelian and non-Abelian cases (see for instance the review in Ref.[43]). 

Till now we have considered field variables Aaij,{x.x°), Fa,j,i,{x, x°) on with the 
boundary conditions of Eqs.(2-40); to them we will add the fermionic field variables 
ipaa{x^x°) and also bosonic Higgs fields (j)A{x,x°) are added in the standard model of 
elementary particles (all of them with suitable boundary conditions on R^). In general, 
already at the classical level, these variables have to be considered as distributions and 
not as functions: usually one considers tempered distributions, for which the test func- 
tion space is the Schwartz space S of infinitely often differentiable functions decreasing as 
well as their derivatives faster than any power as i!" — > oo (in this framework the Fourier 
transforms of tempered distributions are again tempered distributions) ; in the spirit of the 
classical Hamiltonian formalism we shall not make any hypothesis on the time dependence; 
we disregard at this stage the fact that in the naive canonical quantization the renormal- 
ized fields do not have well defined canonical commutation relations (in the interacting 
case they are more singular than the unrenormalized fields), because the approach with 
classical Dirac's observables (analogously to the Coulomb gauge in Abelian theories) leads 
to non-local and non-linear actions and to the need to define different regularization and 
renormalization procedures. A first insight could come by the discovery of a regularization 
of the Coulomb gauge in the Abelian case with its nonlocal quadrilincar fermionic self- 
interaction; then one could try to extend it to the non-Abelian case and to learn how to 
translate in this language what is known about the standard renormalizable (but not gauge 
invariant) Abelian and non-Abelian theories. Even if many researchers are satisfied with 
the present status of the art in connection with applications to particle physics, the known 
schemes of regularization are totally inadequate to general relativity and therefore to any 
future approach realizing a consistent fusion of particle physics and general relativity. 
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On the other hand in local relativistic quantum field theory one emphasizes the fact 
that to compare the theory with experiments one utilizes apparatuses, which are localized 
on bounded open regions O of Minkowski space-time: this is the origin of the "field alge- 
bra" J-'{0) containing a subalgebra A{0), i.e. the "local algebra of observables" (gauge 
invariant quantities not containing charged fermionic fields: the absence of their strict clas- 
sical background [unobservable fields] forces one to the pseudoclassical approach [44] with 
Grassmann- valued fermionic fields) [12]; a "local" operator is a polynomial in the original 
field operators with functions with support in O (in each argument) as coefficients, while 
an "almost or quasi local" operator has the coefficients in S (for each argument). See 
Ref.[12b] for the status of this and of related approaches based on the concept of localized 
observables, which approximate the quasi-local ones due to the Reeh-Schlieder theorem. 
For systems with short-range suitable interactions and with a mass gap, Abelian conserved 
charges are connected with the problem of the supcrsclcction sectors of the theory. How- 
ever it is not yet clear the relation between the global aspects implied by the assumed 
implementation of the Poincare group and the local properties of the theory. For gauge 
theories with long-range interactions and with no physical mass gap due to the presence 
of massless particles, one does not yet have a well defined and accepted theory along these 
lines and uses more hypothetical schemes (see Refs. [13,45] and the review in Ref.[12b]). 
All these problems must have a classical basis in the Hamiltonian formalism with l^*-class 
constraints on Minkowski space-time (relativistic presymplectic approach) and with a pseu- 
doclassical description of the fermionic degrees of freedom, which is largely unexplored: 
the search of a description only in terms of Dirac's observables (generalizing the Coulomb 
gauge approach and taking into account the global aspects of the Poincare group), could 
serve to clarify some basic issues and to reopen the research on how to quantize, regularize 
and renormalize non-local theories; naturally, for fermionic variables the real observables 
must be even functions of fermionic Dirac's observables and, as we shall see in Section 9, 
this is implied by the classical analogue of the superselection rules. 

In particular, the charges connected with Gauss' laws give rise to superselection rules 
at the quantum level in absence of spontaneous symmetry breaking (when this mechanism 
is at work with Higgs fields present, one has superselection rules for the unbroken generators 
and charge screening for the broken ones) [13,45], according to which all local observables 
commute with the charges; this means that we cannot observe a coherent superposition 
of states belonging to different eigenvalues of the charges; in the non-Abelian case the 
superselected sectors are labelled by the Casimirs of G like J2aQai charges Qa are 
not observables, the physical states are singlets described by mixtures with respect to 
the charge quantum numbers inside a given irreducible representation of G and charged 
states cannot be obtained as local excitations of the vacuum. The classical basis of the 
superselection rules could be phrased in the following way: even if one does not go to the 
quotient with respect to global (rigid, 1st kind) gauge transformations, one has to consider 
a family of (pseudo) classical theories (labelled by Casimirs like ^^Qo), described by 
those functions of Dirac's observables. which have vanishing Poisson brackets with Dirac's 
observables Qa corresponding to the non-Abelian charges Qa (see Section 9); each (pseudo) 
classical theory would be a (pseudo) classical superselection sector. Further problems. 
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whose classical background has to be investigated in in terms of Dirac's observables and 
of the Poincare orbit = for the infrared problems, arc: i) the absence of the cluster 
property (hypothesis of quark confinement with a linearly rising quark-antiquark potential 
for increasing space-like separations and absence of their asymptotic states; in turn this 
implies an infrared mechanism (infrared slavery) connected with the indefinite metric, 
so that the space-time translations are not unitary on the light-cone; as a result only 
the superselected sector with Qa = would survive at the level of composite hadrons) 
and the possible existence of variables at infinity giving volume effects [13,45]. ii) the 
absence of mass gap (separating the time-like Poincare orbits > from the exceptional 
one = 0), which already in the simpler Abelian case (no confinement), makes the 
situation extremely complicated : localized charged states do not strictly correspond to 
mass eigenvalues (electrons are " infraparticles" due to the infrared problem of the Coulomb 
cloud) and the Lorentz group is spontaneously broken on them; if we accept non-local 
charged states with = m^, then the velocity of the electron gives a superselection rule, 
so that electrons with different velocities are described not equivalently (the classical basis 
of it is the fact that the separation of the radiation and Coulomb parts of the Lienard- 
Wiechert field of an electron is not invariant under boosts). 

See Ref. [46a] for the implementation of local fields at the classical level at fixed time, 
if our basic variables, instead of being tempered distributions, are smeared with test func- 
tions of compact support in R^. With regards to the charges Qa, in Ref. [46a] it is 
stressed that the original idea of Yang and Mills was the absence of an absolute way of 
comparing the charge spaces of matter fields (associate bundles of P) in different points 
of the base manifold (a connection is needed for the comparison); if the global (1** kind) 
gauge transformations, associated with the definitions of the Qo's, exist, they should al- 
low the definition of privileged global cross sections both for the principal bundle of pure 
YM theory and for the associated bundles of matter fields; this would imply an absolute 
comparison of the charge spaces of matter fields on different points of the base manifold, 
because it would assure the existence of complete (either local or non-local) gauge-fixings 
for the action of Q: this is, in general, not possible for the Gribov ambiguity, for the pres- 
ence of the center Zq of G or for problems with the boundary conditions in gauges like 
the axial one. With our trivial principal bundles with topologically trivial base manifold 
and simply connected fiber G, we will show that in suitable function spaces one can ob- 
tain an almost complete non-local gauge-fixing (more exactly a global decoupling of the 
gauge degrees of freedom from Dirac's observables), which does not fix the action of Zq 
(see Ref.[46b] for SU{S)/Zs); this was already emphasized after Eqs.(2-1). In ref.[46a] 
there is also a discussion of local gauges for YM theory, in which one poses a condition 
on the field strengths Fa^i, (like in Refs.[47], where the role of the Cartan subalgebra of 
the semisimple Lie algebra g is emphasized): it is shown that they cannot be complete 
and that there are local gauge singularities connected with some stability group leaving 
invariant the condition on the Fauz/'s. 
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3. The Hamiltonian Group of Gauge Transformations. 

Instead of the group Q of gauge transformations, in the Hamiltonian formahsm one 
has to do with fixed-time gauge transformations, whose infinitesimal form is given by 
Eqs.(2-36): under them the Lagrangian only is weakly quasi-invariant. These Hamiltonian 
gauge transformations form a group Q (a priori Qj.o, but we shall assume that all these 
groups are isomorphic), which is more general of Q restricted at x° = const, at the level 
of infinitesimal transformations at least outside the extremals of the action as we have 
seen in Section 2: the difference between 5Aao and 5Aao must be vanishing by using the 
equations of motion. With the chosen boundary conditions for every given x° a fixed-time 
Hamiltonian gauge transformation can be considered as a mapping U : x {x°} G, 
{x,x°) (-^ U{x,x°), which must satisfy the same boundary conditions (2-40) as U{x) for 
the consistency of the whole scheme, since one wishes to have independence from the 3-1-1 
splitting. 

With the boundary conditions of Eqs.(2-40)ii), the group Q of all the proper and 
improper fixed-time gauge transformations coincides with the group Q'^ of Ref. [48a] , which 
is a subgroup of the more general group Q of all the maps — > G, which, however, 
does not seem to be physically relevant for what has been said about having covariant 
non-Abelian charges. When it exists, like in our case, the rigid group Qg ~ ~ G is 
a subgroup of ^. In this Section we shall treat the group ^ in a naive way, deferring to 
the Section 6 some informations about its definition as an infinite dimensional Hilbert-Lie 
group. 

Q has the normal subgroup Qoo, defined by 

U{x,x°) r^oo l + 0{r-^) (3.1) 

which contains both proper and improper gauge transformations; in the case of R^ with 
the boundary conditions (2-40)ii) it defines the group of gauge transformations associated 
with the subgroup of AutyP*, which preserve the fibers over the points of the 2-sphere at 
spatial infinity. 

Then there is the normal subgroup of Qoo, of all the proper and improper gauge 
transformations, which are continuously connected with the identity. The generators of the 
Lie algebra ggo of the proper infinitesimal gauge transformations in are the l**-class 

constraints 7r°, Ta and Eqs.(2-34) give the generic generator Ggt of the proper infinites- 
imal gauge transformations if one uses proper X^, (Xa- the proper gauge transformations 
contained in form a subgroup (or better a oo- dimensional generalization of a local 
Lie group, i.e. an analytic subgroup [49a]; it depends on the choice of the function spaces, 
of the topology and of the definition of the infinite dimensional Lie group, see Section 
6) of the canonical transformations. Instead Eqs.(2-38) give the generator Ggt of the 



34 



improper infinitesimal gauge transformations: the term Ggt[Xao, Oia] ~ Q[«a], with im- 
proper tta, of Ggt again generates a canonical transformation; the term Qfa^], a surface 
term at spatial infinity, is not a generator of canonical transformations with the Poisson 
brackets: only with Dirac brackets [35] associated with a gauge-fixing it becomes a gener- 
ator of canonical transformations on (non-local) Dirac's observables (see Section 9). For 
constant eta's, i.e. for global or rigid gauge transformations in Qg Gq ~ G, one has 
Ggt[Q,aa] = -CacbCtb J d^xna{x,x°) ■ Aa{x,x°) ^ Q[aa] = Y^a^^Qa: whcrc, from Eq.(2- 
14), Qa are the weak improper conserved non-Abelian charges; this is the classical basis of 
the group of unitary transformations expiiqQ) used in quantum field theory: in a gauge 
theory it is well defined only on the observables and it is the quantization of the rigid 
group Qg ~ Gg ~ G, or better of G/Z^where Zg is the discrete center of G. 

In Ref.[50] the condition to have Gq ~ G or iiT C G ~ Gg (with K a compact, 
connected Lie subgroup of G) implemented as "left rigid internal actions" on P are given 
(this is the exact definition of Gq)'- essentially this requires that P must be "reducible" to 
a principal Zc-bundlc [or Z'G(i^) -bundle, where Zg{K) — {a ^ G\ak = ka for all k G K} 
is the centralizer of K in G] and that the rigid internal action is a cross section of a suitable 
associated bundle. Since this implies that the transition functions of P (in a coordinate 
principal bundle representation) all belong to Zg, this requirement is satisfied by our 
trivial principal G-bundle P*, which can be described with only one coordinate chart, so 
that the transition functions are trivial, ipa/3 = I- When this does not happen, one has only 
infinitesimal improper global (rigid) gauge transformations which do not exponentiate to 
global finite ones due to some obstruction; in the Noether theorem one gets invariance only 
at the algebra level and not at the group level, so that a global momentum map cannot be 
defined: this implies that all or some non-Abelian charges Qa are locally, and not globally, 
defined. With the QaS are globally defined, as already said in the discussion about 
Ref. [26] ; the rigid group Qg ~ Gg ~ G has a left rigid internal action. Given a connection 
on P*, it admits G or C G as an internal rigid symmetry group if the connection is 
reducible to a connection on the principal Zg- or ZG{K)-hun.dle (i.e. the holonomy group 

of the connection is contained in Zg or Zg{K)); these connections are special cases of 
the reducible connections, which have gauge symmetries (i.e. stability subgroups Q-^ D Zg', 
see Section 6). 

Let us call U'^{x,x°) the gauge transformations generated by 7r° and tJ{x,x'-') those 
generated by r^. Let us remark that usually one ignores the generators 7r° of the Abelian 
subalgebra of the Lie algebra of Q^, and only considers the subgroups Q, Qoo, associated 
with Gauss' laws, because they give rise to a Lie algebra isomorphic to g, the Lie algebra 
of the structure group G (not to be confused with the algebra of the non-Abelian charges). 
Prom Eqs.(2-40)ii) we deduce the following asymptotic behaviour for the infinitesimal form 
of these gauge transformations, when they are proper gauge transformations: 
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U^{x,x°) ^ I + t''Xaoix,x°) r^oo 1 + 



+ 0(r-2) 



(3.2) 



U{x,x") ^ I + t''aa{x,x") r^oo I + + 0{r-^) 



We shall also assume this asymptotic behaviour for the proper "finite" gauge transforma- 
tions in Goo (and also in Q when U — > const.)', finite transformations U approaching I in a 
slower way are "improper" but not rigid. In this way the new subgroup Q^^^ of of the 
"proper" canonical gauge transformations connected with the identity is defined (and the 
previous equations define the behaviour of the Lie algebra g^o(p) of G^^^; with improper 

a^s one gets the Lie algebra ggo of Q^). In this paper we shall study Dirac's observables 

with respect to this subgroup (or better oo-dimensional analogue of a local Lie group) 
Go(P) 

Let us now review the two main types of improper gauge transformations, besides the 
global ones, connected with the non-Abelian charges in G/Zq, and the non-global ones in 

(which will be discussed at the end of this Section), i.e. i) the gauge transformations 
with winding number; ii) those belonging to the center Zq- 

i) In electrodynamics G=U(1) and = Qoo- Instead when G is simple [48], one has 



g^/g°^ = z (3.3) 

with Z the group of integers under addition. Therefore TToiGoo) = Z, i.e. Qoo has as many 
disconnected components Goo,n as the integers n & Z. This means that if e Qoo,m then U 
should be written as tJn{x, x°). Uo are the gauge transformations connected with the iden- 
tity, also called "small" gauge transformations ( they contain the proper ones previously 
defined); instead the U^s with n ^ are called the "large" gauge transformations. For each 
n ^ 0, among the UnS there are the improper ones Un^^ not connected with the identity. 
A generic Un can be written as IJiUo, where Ui is a gauge transformation with n=l. With 
each connected component Qoo,n can be associated a pure gauge (flat) gauge potential (a 
classical vacuum): if Ao = U'^dUo, then A^- = {UoUr,y^d{UoU^) = U'-^dU'^ = A^. 
Therefore the number n introduces a splitting of the space of gauge potentials on i?"^ x G 
into an infinite countable number of subsets each one with a fiat gauge potential or classical 
vacuum as a consequence of the non connectedness of the group of gauge transformations 
(for M X G with 7ri(M) and with Eq.(3-3) valid, one has more than one flat gauge 
potential in each subset). 

The integer n is called the "winding number" of the gauge transformation. For 
G=SU(2) [51] and with compactified to S^, since the group manifold of SU(2) is also 
homeomorphic to S^, U may be considered as a mapping U : ^ and such mappings 
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falls into homotopy classes labelled by an integer winding number n. An example of gauge 
transformation with n=l is Ui{x,x") = exp{f {r)TiX'^ / r} = cos f{r) + iTiX'^ / r sin f (r) , 
where r the Pauli matrices and /(O) = 0, /(oo) = 27r [51,48], so that for 

r ^ oo one has Ui{x,x°) — > 1, i.e. IJi e Qoo- Z is the group generated by the coset 
UiQ^.ln the case of with the boundary conditions (2-40) we still have the winding 
number, because among the mappings U : ^ there is a subset which may be iden- 
tified with those of the type U : ^ (which are differentiable also in the added point 
to infinity, but this is not relevant for homotopy, where only continuity is considered). 
Other examples of gauge transformations in Qoo,i are: i) Ui = —exp-^j^=^^r^ooI] ii) 

Ui{x^x°) = — -^^^^ ^r^ool- The generalization of these lJi{x^x") to simple Lie groups 

as G=SU(3) can be done by using the SU(2) subgroups of G. 

Since any connected Lie group is the quotient of the direct product of simple and 
Abelian Lie groups by discrete Abelian groups (which can be trivial) [49] , Eq.(3-3) can be 
generalized to arbitrary Lie groups. In Ref.[25a,b,52] it is shown that for G non Abelian 
and simple, Eq.(3-3) and the winding number derive from 7ri([<S'"^ G]) — n3{G) — Z, 
where [S^ — > G] is the set of the base point preserving maps from onto G. Then the 
result is extended to the case in which R^ or arc replaced by an arbitrary compact, 
connected, orientable 3-manifold E: if the principal G-bundle is trivial (this implies the 
triviality of the cohomology group H'^(T,,tti{G)) and 7ri(S) = 0, the group Z is replaced 
by the group Hom{[E — > G],U{1)) of the homomorphisms of [S — > G] onto U(l); for the 
case 7ri(E) ^ see Refs.[25a,b]. 

To find the winding number of a gauge transformation U in the case of G=SU(2) and 
R^ compactified to 5"^ with radius -R53, one has to evaluate the volume integral (see for 
instance [43,23b,53]): 



n[U] 



247r2 



d^xe'^''Tr[iU-\x, x°)d'U{x,x°)) 



(3.4) 



(C/-^ (f , x°)d^U{x, x°)){U-^{x, x°)d''U{x, x°))] 



For G=SU(2) the integrand of Eq.(3-4) is the invariant Haar measure on SU(2) [31]; the 
integrand of n[U] is the Jacobian of the mapping U : SU{2) ^ S^, a quantity which 

relates the surface elements on the two spheres [31,54] and each winding of a onto the 
other contributes a unit to n[C/]. The result that n[U] is an integer remains valid for every 
compact simple Lie group [SO(n), n > 5; SU(n), n > 2; Sp(n), n > 1; Eq, E7, Eg, F^^Gg] 
by evaluating the n[U] of the mapping U : ^ aSU{2) subgroupof G [see appendix of 
[54]]. More in general the winding number is connected with the degree of proper surjective 
maps U : M ^ G, when M and G are compact, oriented manifolds of the same dimension 
[55]. 

All the subsets of gauge potentials labelled by the winding number can be defined on 



37 



the same trivial principal G-bundle i?^ x G or 5'^ x G, since all the principal G-bundles 
over and arc trivial (in fact the second Chern characteristic class for G=SU(n) 
or the second Pontryagin class for G=0(n), which classifies the not equivalent principal 
G-bundles on a given base manifold [24b], vanishes in these cases). The same is true 
for X G (Euclidean YM theory), but not for principal G-bundles over like x G 
(compactified Euclidean YM theory): all the gauge transformations on S"^ x G have zero 
winding number; in the case of 5"^ and with, for instance, G=SU(n), the second Chern 
characteristic class 72 (a gauge invariant closed 4-form on S'^, belonging to the co ho mo logy 
group H^{S^^ R) and function of the field strength; 72 = on R^ and because there are 
no 4- forms on them) classifies all the not equivalent principal G-bundles Pn{S^,G) over 
[24b] and, since the integral of 72 over is an integer coinciding with the winding 
number of the gauge potential used to evaluate 72 [31,54], this implies that all the gauge 
transformations on the principal G-bundle Pn{S^,G) over S'^ with 72(i^x = n have 
winding number n (and also a nontrivial topology due to the Gribov ambiguity, even for 
n=0), so that every connection on such a bundle has all associated gauge potentials in only 
one set. For S'^ the "instanton number" (Chern or Pontryagin number) is defined by 



(3.5) 



where the index E denotes Euclidean. In the case of R'^ the same formula holds; for both 
and the Euclidean behaviour F^(a;)— >i?^ool/-R^ (-R^ = x\ + x^, xe = ix°) assures 
a finite Euclidean action and 72 finite, but it is not known what other supplementary 
hypotheses are needed to get an integer n (i.e. for to get a well defined principal 
G-bundle over S^) [24b,54]. 

In the compactified Euclidean theory the identification of n/ with the winding 
number n [31,54] is based on the observation that the quantity v[x;A^] in Eq.(3-5) is a 
topological density insensitive to local deformations of due to the Bianchi identities 

(2-4): 5v[x;A^]/5A^^{y) = {l/8n^){Di'^KF^^'')J^{x - y) = 0. Thus iy[x; A^] depends 
only on the large scale properties of A^, as it is evident from its being a divergence of a 
topological current K^[x; A^] [54], and gauge potentials can be grouped in classes labelled 
by the value of the topological charge. 



i.[x; A^] = -^E^{x) ■ B^ix) = d,K^[x; A 



1 - 



E 



El 



Stt^ 



K^{x;A 



E^ 
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Y,A^^{x){dpA^^{x) + \cabcAfp{x)A^^{x)) 



(3.6) 



38 



327r2 



Therefore one has {S^ is the sphere at infinity; the hmit exists if d^x v[x-^ A^] converges): 



ni= I d^xv[x;A^]= I d^xd^,K''[x;A^]=limR^^ [ d^a^Ri^lx; A^] (3.7) 
Js^ Js^ Js3 



Since F^(a;)— >fl^ooO at least as 1/R'^ to have the Euchdean action finite, this imphes 
that A^{x) 

— ^R—^ooU^ ^{x)d^U^{pc) ~ 0{1/R) and one gets (y is a coordinate system for 
S^) by using the antisymmetric properties of the indices 



1 

ni = 



2 / d'ye'''^Tr[{U^-\y)d^Ugiy)) 
247r^ J53,i?s3^oo (3.8) 

By comparison with Eq.(3-4), one finds ni = n[U^], and one has n[U^~^] = —n[U^]. In 
the Euchdean YM theory, one has the positivity condition Tr f d^x {F^ ± *F^) = 
Tr J d^x2{F^^ ± F^*F^) > and one gets Tr J d^x F^^ > \Tr J d^xF^*F^\ = IGTr^n, 
so that for the Euchdean action one has 5"-^ = {l/2g'^)Tr J d'^x F^'^ > Sir'^n/g'^; the Eu- 
chdean action is minimized when = ±*F^, i.e. the self-dual or antiself-dual field 
strengths are the finite-action solutions to the classical Euclidean YM theory and for 
them J^4 d'^x A^] is absolutely convergent, so that nj is well defined. Let us re- 
mark that S^[A^] is not a topological invariant, since 5S^[A^]/5A^^{x) — g~'^L'^{x) = 

g~'^D[f^ ^ F^'^^(x)=0, which only vanishes on the extremals (but F^ = ±*F^ are ex- 
tremals due to the Bianchi identity) . The fact that rij is an integer is a consequence of the 
Atiyah-Singer index theorem for compact manifolds; on them it relates the number of zero 
eigenvalues of the covariant derivative d''^^ to the topological charge of the gauge potential 
A contained in it [54] . Therefore in the S"^ theory one has a vacuum gauge potential (and 

also a flat connection) A'^^'^^ = U^~^d^JJ^ and a different principal G-bundle over 5'^ for 
each value of the instanton=winding number; instanton solutions, like the previous one, 
are interpreted at the Euclidean quantum level as corresponding to tunnelling between the 
different vacuum states corresponding to the A^*-"^'' [51]. This is usually done in the path 
integral formalism in the Coulomb gauge Ag{x) — (which still leaves the gauge freedom 
of U's such that doU = 0) by choosing 1^ = for xe ^ -oo and A^ = U^'^dU^ for 

1 /2 

Xe ^ oo [for instance with Ui{x) = exp{i7TT ■ x/{B? + X^) } for n=l], i.e. = 
for Xe ^ ±oo; these two asymptotic vacua are interpolated by an instanton solution with 
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instanton number n, rewritten in the Coulomb gauge [strictly speaking the two vacua are 
fiat connections in two different not equivalent principal G-bundles over 5"^ and the in- 
stanton solution connects these two asymptotic bundles]; since the instanton solution is a 
minimum of the Euclidean action (i.e. it is the classical extremal path for immaginary time 
x° = ixe), one has the interpretation of the instanton solution as a tunnelling through 
the potential barrier between different vacuum states \n > (see Refs. [53,43] for a detailed 
discussion). Let us remark that in Ref. [56] for G=SU(2) and for gauge potentials with 
an 0(3) gauge symmetry, the fact that the Coulomb gauge has the Gribov ambiguity (see 
later on in Section 6 its connection with the gauge symmetries of certain connections) is 
interpreted as implying a discontinuity in the time evolution of the gauge potential. As 
vacuum states \n > corresponding to different topological winding (instanton) numbers are 
separated by finite-energy barriers and there are tunnellings between these states, one ex- 
pects the true vacuum state {9 vacuum) to be a suitable superposition of these \n > states. 
Since there are quantum gauge transformations Ui, leaving the quantum Hamiltonian in- 
variant, such that Ui\n >= |n-|- 1 >, the ^-vacuum can be defined as an eigenstate of Ui: 
Ui\6 >= e*^|6' >, \0 >— '}2n'^~^^^\'^ > (^1 ^® interpreted as the translation operator, 
1^ > as the Bloch wave, 6 as the conserved pseudomomentum of a quantum-mechanical 
problem of periodic potential). Each value of 6 defines a physically not equivalent sector 
and each sector does not communicate with the others, so that there is no a priori method 
to determine 9. From the study of the vacuum-to- vacuum (|^ >— > |^ >) transition ampli- 
tude, it turns out that it is the sum over the winding number n of terms, each one defining 
the path integral over the connections with winding number n of an effective action of the 
type [43,23]: 



S^^^ = j d^xCeix) = S§M[A{n)] +0n = J rfS[£(a;) + eiy[x; A 
= f d'^xl 



4^ 



(3.9) 



with 9 an arbitrary parameter. Cq is gauge equivalent to C in the sense that the new term 
is a total divergence : the Euler-Lagrange equations do not change and the new canonical 
momenta tt^^ = — (l/87r^)^5*, tt^" = 0, generate the same Gauss' laws, because from 

the Bianchi identities one has D^^^ ■ Bi, = 0. 

Let us now consider J d'^xi'[x;A] — f d'^x d^K'^lx; A] on Minkowski space-time. Let 
us evaluate it in a volume V whose boundary is dV = Ei — E2 + S, where Si and E2 are 
two space-like surfaces and S is a boundary at spatial infinity (for instance the portion 
of a space-like hyperboloid at spatial infinity between Si and S2). Since K^[x; A]^r^oo 
0(l/r^), then J„ d.'^anK^lx; A] = 0. Therefore, when Ei and S2 are space-like hyperplanes, 
one gets: 
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J d''xu[x;A] = -^ J d^xEa{x)-Ba{x) = {J - J )d^xK°[x;A] = W[A\j:,]-W[A\j:,] 

(3.10) 

where W[A] is the (non conserved) "charge" associated with the topological current 
K^'[x■A\ 



W[A] = J d^xK^lx;!] = 

= ^e'^^ I d^xTr{A\x,x°)d'A^{x,x") + \A\x,x°)A\x,x")A^{x,x")) 

OTT^ J 3 



(3.11) 



W[A] is called, by analogy with the Euclidean case, the "winding number" of the 
gauge potential [23b] [when space-time is 3-dimensional, d^x — > dx°d'^x, it is called the 
Chern-Simon action (see for instance Ref.[48b])]. If we evaluate W[A] for a pure gauge 
(flat) gauge potential A{x) = U-^{x)dU{x), like for Eqs.(3-8) we get Wp-^dU] = n[U] 
with n[U] of Eq. (3-4); that is for G=SU(2) we get the integer giving the winding number 
of the gauge transformation U and, moreover, under a gauge transformation Un{x,x") 
with winding number n we get 



W[U-^AUn - U-^BUn] = W[A] + n[Un] = W[A] + n (3.12) 

Therefore W[A] is a quantity invariant under Q^, but not under Q^q. 

If Faf^u{x) = on El and E2, one has A^(a;)|si = U^l{x)d^UY,^{x) and A^{x)\y.^ = 
U^^{x)d^JJ^^{x) and from Eq.(3-ll) one obtains 

An = n[C/Ei] - npj:^] = ^ d^xEa{x) ■ Ba{x) (3.13) 

In Refs.[57] it is investigated the problem of which field configurations could provide 
the vacuum tunnelling in Minkowski space-time, of which kind of potential barrier exists 
in this space-time and to what extent vacuum tunnelling can be understood as a solution 
to the Minkowski YM equations. In Ref.[57b] for G=SU(2) , it is noted that if Eqs.(3-13) 
give An ^ 0, then there must be some region between Ei and E2 where F^j^ ^ 0; but 
since the energy density is positive definite and vanishes only if F^i, = 0, the existence 
of such a region with F^i, ^ can only occur during a tunnelling process. While it is 



41 



impossible to change the winding number of a classical vacuum (F^i/ = on Si and S2 
implies F^,^ = in V), the winding number of a vacuum quantum state may be changed 
at the quantum level due to quantum fluctuations: this can be understood as a tunnelling 
in some collective mode of the gauge potential configuration (see for instance [57a] for 
the collective coordinate method). In [57b] the rules for obtaining the maximal tunnelling 
amplitude for a single collective mode are given in the Coulomb gauge and it is shown 
that the vacuum tunnelling is consistent with finding a first quantized solution to the 
field equations only for this mode. In particular, the maximal tunnelling configuration 
with E \\ B can be obtained from an Euclidean self-dual instanton solution by a suitable 
parametrization of the variable a;^; of the Euclidean theory in terms of x°, which is different 
from the definition of the Euclidean time xe = ix°, being connected with the definition of 
the previous collective mode. 

As a consequence of this discussion, Eq.(3-9) is also used in Minkowski space-time to 
take into account the effects of the winding number as a topological contribution to the 
determination of the ^-vacuum; 



Seff = SYM + e J d'^X V\x; A]=SYM + -^j d^X Ea{x) ■ Ba{x) (3.14) 

See also Ref . [58] , whose results generalize the previous ones on the winding number in 
Minkowski space-time to every compact semisimple G: when is assumed to approach 
U~^d^U, pure gauge, at spatial infinity (a sphere S^), one finds that the gauge potentials 
fall into homotopy classes corresponding to the relative homotopy classes of pure gauges, 
i.e. of the gauge transformations U. 

In conclusion, in the case of P*, the gauge potentials fall into classes {A„(x, x°)}, 
labelled by the winding number n E Z, with a gauge orbit of flat gauge potentials in each 
class [see also Section 7, Eqs.(7-22)]. 

ii) Let us now consider the global (rigid) gauge transformations belonging to the 
center of G. Since our structure group G has a discrete center Zc, one can name 
"centrality" the transformation law under Zg of gauge potentials and matter fields, in 
analogy to the "color triality" in QCD with G=SU(3) and Zq — Zs; in this case the 
elements of Z3 are Im = e^'^*"*/^/ = exp[27rimXs/\/S]-i m=0,l,2, where Ag = Hg lies in 
a Cartan subalgebra h of g = su{3) whose unit lattice is {0} and for which the subset 
of h identifying Z3 is k{su{3)) = {0, /fg, 2ifg}. The gauge potentials = Aa^T'^ are in 

the adjoint representation ad of g {{adA^^t^)^^ = (Aa^[t", .])^^ = Aa^(T")^^ = Aa^Cahc)] 
now the adjoint representation Ad of G on (7 is not faithful: it is a faithful representation 
only of G/Zg- But, since Zg is a normal subgroup of G and G ~ UagG/^^jd ■ Zq} — 

^aeG/Zai'^ • /, d • /i, .., d ■ Id}, d = dimZG — 1, this means that (A) is equivalent to 
the gauge potential of a connection on the not simply connected trivial principal {G/Zq)- 
bundle x {G/Zg) {R^ x (G/Zg)). Let us consider a fiber G of x G {R^ x G); 
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since the group manifold of G is a compact connected simply connected manifold, it is 
also a globally symmetric Riemannian space [49b], whose geodesic exponential map Exp 
coincides with the exponential map exp associated with the one-parameter subgroups of 
G, i.e. geodesies through I E G are one-parameter subgroups. As a compact semisimple 
Lie group, G has a surjective exponential map exp : g ^ G and, as a Riemannian manifold 
with a bi-invariant Riemannian metric induced by the Killing- Cart an form — (., .)^, G is 
geodesically complete; but the points in Zg C G, except the identity, are singular points 
of G and the geodesies emanating from I have Im G Zq, m = 1, .., (i, as points of focusing 
(i.e. these points are conjugated to I in the sense of the geodesic deviation equation, 
which is the Jacobi equation for Riemannian manifolds). Let us recall [49] that for a 
compact connected semisimple classical Lie group G, an analytic Cartan subgroup Hq of 
G, whose Lie algebra is a Cartan subalgebra h C of g*^ (the complexification of g)^ 
is also a maximal torus (maximal Abelian subgroup of G); the "diagram" of G is the set 
D{G) — {h E h \ a{h) e 27iiZ for some a e A} C h C g'^ {Ais the set of roots) of elements 
of g which defines the "singular set" of G, /S = iP[{G/Hg) x D{G)] where if} is the surjective 
map V' : (G/Hg) xh ^ G, {aHcih) i— > exp{Adah), a e G, h E h {Ada '■ t i— > ata~^ is 
the adjoint representation of G on ^); in the points a E S the differential d ■ exp of the 
exponential mapping g ^ G {d ■ exp '■ g ^ g after the identification g ~ Tg) is singular, 
det{d ■ exp) — 0, i.e. each singular point of G belongs to more than one maximal torus 
of G, while a regular point of G belongs only to one maximal torus; the unit lattice 
hi = {h E h \ exph = /} is a subset of D(G), which reduces to hj = {0} if 7ri{G) = like 
in our case; k{g) = {h E h\exph E Zq} = {h E h\a{h) E 27riZ for eacha E A} D hj 
is the subset of D(G) identifying Zq; it is k{g) = U'^^okmid), d = dimZo — 1, with 
km{g) = {h E h \ exph — Im & Zq} and ko{g) = hj; if G is the universal covering group 
of G (7ri((j') = 0), which has the same Lie algebra as G, and hi its unit lattice, then 

one has 7ri(G) ~ hj/hj and Zq = k{g)/hi: for G simply connected, ni{G) = 0, one has 
G = G and k{g) = D{G). Since dexp is singular at Im £ Zq, m 7^ 0, exp : g G 
cannot be a diffeomorphism in a neighbourhood of every Im G Zq', on the other hand, 
since exp is surjective, one has Im = exph, h E k{g) = D{G) = {h E g\exph E Zq}', 
if (f)[^\s) is an analytic one-parameter subgroup of G (with the form exp{sTat°') in a 
normal neighbourhood of G with Ta the canonical coordinates of first kind of the 
point exp{Tat°') E G), which satisfies lims^oo'^^t^\s) = exph = Im ^ Zq, every its 
parametrization near Im of the form exp f{s)h cannot be analytic (usually the exponential 
representations of the elements of compact semisimple Lie groups have the parameters only 
continuous or differentiable, never analytic). 

Let us consider a connection 1-form u-^ on x G {R^ x G) ; let cr(^) : ^ Im ^ Zq 
{B? Im), TO = 1, .., (i = dimZQ — 1, ((T(o) = ct/, the identity cross section) be the d global 

cross sections passing through the same element Im ^ Zq in each fiber; let A^J"^ = a*^-^uj'^ 
^^(m) _ ^*^^^A-j^ m=0,l,..,d, be the d+l=dimZQ associated gauge potentials with A^°'> = 
A and let us look for a gauge transformation U such that A^'^'^ = U~^A^°^U + U~^dU 
(^("j.) _ A^^^dx^ or = A''"^^-dx); as this is equivalent to a(^m){^) — Im} — (Ji{x)-U{x) = 
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{x, U{x)}, one gets U{x) = Im and A^'^^ = A'^°\ This implies that each connection gives 
rise to dimZc identical gauge potentials A^"^^ which cannot be connected by proper gauge 
transformations, because = G ^ is neither in nor in Q'^; this is a consequence 
of the fact that the adjoint representation of G is a faithful representation of the not 
simply connected, connected, compact, semisimple Lie group G/Zq and not of its simply 
connected universal covering group G; in other words any connection on Af^ x G {R^ x G) in 
the adjoint representation can be reduced to a connection on iVf^ x (G/Zg) {R^ x (G/Zg)), 
the one with m=0. Instead of the YM action ^fm [A] = Sym[A'^°'>] = ^FMi^^""^], m=0,l,.., 
d, due to gauge invariance, one could use the more symmetric form emphasizing the role 
of the center Zq, 



d-l 



^ d-l 
m=0 



The gauge potentials A^'^^ were introduced also in the approach of Rcf . [59] , in which 
confinement (in the sense of charge screening) is connected with destructive interference in 
the path integral in the temporal gauge over the multiply connected group SU{n)/Zn (tak- 
ing into account the Haar measure for global effects from the group manifold) among homo- 
topically not equivalent trajectories corresponding to the various A^"^^ [7Ti{SU{n) /Zn) = 
Zn]] this would imply a centrality also for gluons in the theory with the covering group 
SU(n), which, like quarks, would have a charge screening. However, as it appears from the 
previous construction, there is no centrality connecting the A^"^^ in the gauge group Q in 
contrast to the fermion case (see Section 4); to introduce it one should enlarge Q. 

Also in the approach of Ref.[60] the center Zq plays a crucial role in studying the 
duality of electric and magnetic fluxes and the confinement, Higgs and Coulomb phases. 
However in these papers one considers Euclidean tori, M — orT^, arising from periodic 
boundary conditions in a box, so that 7ri(M) 0; therefore there are extra topologically 
nontrivial gauge transformations (the twisted ones) and not equivalent pure gauges (vacua) 
for each value of the winding number, so that a more complicated analysis is needed at 
the classical level. 

As a consequence of this discussion, if the group of proper gauge transformations Q^^^ 
can, in some sense, be defined as the analogous in the infinite dimensional case of a local 
Lie group (or analytic Lie subgroup) of Q, its gauge transformations cannot connect in 

an analytic way (7(o) = crj to the other ci^^), m=l,..,d. If in some topological sense Q^^^ 

is closed and normal in ^, then Q/Q'^^^ ^ G x Z (modulo the nonrigid improper gauge 
transformations, see later on) are the only gauge transformations which can connect o"/ to 
one (T(jn) and transform "'A into '^("^) A = ^' A. Let us now choose a gauge transformation 
Ui with winding number one (there is no canonical choice); then with the d+l privileged 
global cross sections a(^rn) = Co(m): m=0,l,..,d, (and to the gauge potentials ^o"^^ = ^o("»)^) 
one can associate d+l privileged global cross sections cri(^)(^, a;°) = Ui{x,x°)ao(m){x,x°) 
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(and gauge potentials = ^'^(■^)A) which can be said to carry winding number one; 

the same can be done for each value of the winding number n & Z. This will imply that 
the method of construction of Dirac's observables, which privileges and cr/ = (To(i), 

can be repeated around each cr„(m)7 m=0,l,.. ,d, n E Z, hj considering the effect of the 

gauge transformations generated by Gauss' laws on each gauge potential . Therefore 
final Dirac's observables will have two indices, one for the winding number and the other 
labelling the elements of Zq- As we have already said, it is not physically reasonable to 
go to the quotient with respect to the residual gauge transformations G 

only the gauge transformations associated with Gauss' laws are associated with unphysical 
degrees of freedom. Since the original action is invariant (or quasi-invariant) under all the 
gauge transformations, the final action Sd for Dirac's observables will have the form 



where Q^^^ is the topological contribution to the ^-vacuum from gauge potentials with 
winding number n (see Eq.(3-14)) and obtained from the connection on by means of the 
global cross section constantly equal to the element Im ^ Zq, namely cr„(^), to maintain 
the invariance under all the gauge transformations. See also Section 9. 



Let us come back to g. The group = g/Ooo describes the "improper global (rigid, 
1st kind) gauge transformations" or "asymptotic dynamical symmetries": in Ref.[48] it 
is called the "internal symmetry group". In electrodynamics on R^, where G=U(1), it is 
shown in Ref.[48a] that ^/^oo = g/g^o = ^(1) ^^^d that the associated charge Q is the 
electric charge, which vanishes in absence of charged fermions. In the non Abelian case 
with as the spatial slice (or with a 3-dimensional E with 7ri(E) = 0) one can show that 



g/goo = gG^G (3.16) 

with the rigid group gc isomorphic to Gq ~ G (the charges Qa of Eqs.(2-14)), but now 
Eqs.(3-3) holds. It can be shown [48a] that G = g/g^ = {g/g°^)/{g^/g-^) = {g/g-^)/Z. 
Therefore, since the elements of Z commute with 0/0^, one gets that the "asymptotic 
dynamical symmetry group" 0/0^^ is a trivial central extension of G by Z: 



G/g^ = gGxZ r^GxZ. (3.17) 
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In QCD G=SU(3): at the quantum level the irreducible unitary representations of SU(3) 
with generators Qa account for colour ; instead the unitary irreducible representations 
of Z, which are in one-to-one correspondence with the points of S^, associate to n ^ Z 
^ine ^ where 9 is the QCD 6'-parameter labelling not equivalent vacua 16* >. In G x Z are 
contained the gauge transformations valued in Zq, the center of G; when 7ri(G) = 0, as in 
our case, (Zq discrete and Zg ~ Zq) they arc global (rigid) improper ones ; with 7ri(G') ^ 
the gauge transformations in Zg can be dependent on the base point and Zg D Zq- 

Let us remark that in more complicated situations, like with 't'Hooft- Polyakov 
monopoles [61], one has to restrict the boundary conditions (2-40) to leave invariant the 
r ^ oo limit of the solution for the Higgs field. This changes the group Q and, when 
G=S0(3) or SU(2) (spontaneously broken to G =U(1)), the asymptotic dynamical sym- 
metry group 1 0^ is the additive group of real numbers (non trivial central extension 
of U(l) by Z)[62], and not U{1) x Z. Since does not contain U(l) as a subgroup, we 
see that Q / may not contain the original G [48a] . 

Let us now consider the Lie algebra qq of the group of gauge transformations Q. One 
of the ambiguous points in all its formulations is which kind of " improper non rigid" gauge 
transformations are allowed, that is which choice of the functional space of the "param- 
eters" ^a{x,x°) = {\ao{x,x°),aa{x,x°)} of the infinitesimal gauge transformations (i.e. 
which choice of qq) is physically reasonable among all the possibilities left open by the 
abstract definitions of the original gauge transformations on the principal bundle {AutyP, 
GauP, r{AdP)) with the generic associated Sobolev spaces as we shall see in Section 6. 
It seems that the only physically relevant concepts are: i) "proper gauge transformations" 
with the phase space infinitesimal generators given by the first class constraints; ii) "global 
or rigid improper gauge transformations" associated with the non-Abelian charges via the 
first Noether theorem aspects contained in the second Noether theorem; iii) global or rigid 
improper gauge transformations in Zq; iv) gauge transformations with nonvanishing wind- 

ing number n E Z. Let {x,x°), satisfying Eqs.(2-40)ii), and be the parameters 
associated with proper and rigid improper gauge transformations respectively. We shall 
assume that the functional space Wg needed to define gg is some refinement of ordinary 
Sobolev spaces which contains only "parameters" ^a{x,x°) of the form 



^aoiXjX ) — ^(^XjX ) >i — >ooO, 

aa(f,a:«) =af) +a™(f,x°)^,^oo a^^^ (3.18) 
or = a'^f^\x,x°)^r^oc 0. 



so that there are no non-rigid improper gauge transformations between the rigid ones 
a^\x,x°) and the proper ones a'^^\x,x°) [or at least they tend to zero for r — > cxd 
faster than a^(^^\x,x°)]. 

According to this ansatz these ^a{x,x°) are the most general allowed non rigid improper 
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gauge transformations; for r — > oo they tend to the rigid hmit with a rate determined by 
Eqs.(2-40)ii). At the level of the groups Q, and D Q^^^ with Qg = Q/Qoo ~ G, 
this implies that 



due to Eqs.(3-18) {Xao = xZ^^)- 

All the improper gauge transformations are in 



O/O'^c^''^ r-GxZ, (3.20) 

As we shall see in Section 6, only ^^^"^ can be given the structure of Hilbert-Lie groups 
with our boundary conditions (2-40)ii) and (3-18); if is compactified to 5"^, Q'i^^^ = 
where C is induced by the group of pointed gauge transformations AutyP^^ which 
leaves fixed the fiber over a point (here the compactification point at infinity to be added 
to to get 5'^): in general is a closed subgroup of the Hilbert-Lie group Q^^^\ Finally 
one denotes Q the quotient of Q with respect to its center Zg ~ Zq (in our case), Q = Q/Zg, 
so that one has 



d = g/Zo, d/g'^""^ ~ (G/Zg) X Z. (3.21) 

With regard to the gauge transformations carrying winding number (^oo/^'^ ~ 
= goo/goo'^ = Z = TTo{g))i one has to face an infinite dimensional version of the problem 
of non connected Lie groups G, whose component Go connected with the identity is a 
normal subgroup of G and for which G/Go = H with H a finite group (in our case H=Z, 
a discrete not finite but denumerable group). For finite dimensional Lie groups G one 
says that G is an extension of Go by H; the possible types of extensions are classified in 
Ref.[63] in the case that Go is a semisimple Lie group; there, it is also given a method 
for finding all extensions in the class denoted natural extensions if Go is a simple Lie 
group. One should need an infinite dimensional generalization of the concept of charac- 
ter X (cL representation X of G into the group of automorphisms of Go)- Since a gauge 
transformation of winding number n, Un G ^?oo) can be represented as Un = {Ui)^Uo, 
Uoeg°^ = g°^''\ for some C/i e ^oo with winding number one, one could think to the 

is an automorphism of g^^^)QS defining 

a homomorphism g^Q — > Aut 

^; since ^oo/^to^^ = this homomorphism induces a 
character x, i.e. a homomorphism x : Z — > Aut g^^^ / Int g^^\ Here Intg^^^ is the 
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group of inner automorphisms of Q^^\ for instance i— > UqUJJ^^ with Uq, G ^oo^^; 
for Lie groups G, AutGo/ IntGo is isomorphic to a finite subgroup V{Go) of AutGo such 
that V{Go) n IntGo = IauiGo'i infinite dimensional case of a Hilbert-Lie group the 

nature of AutQ^^^ /IntQ^^^ is unknown. If one could give a sounded basis to a similar 
generalization, one could try to identify which kind of character x is connected with the 
winding number and may be able to define the extension Qca of = Q^^^ of character 
X as a semidirect product (in analogy to the case of Lie groups [63] ) 

Goc^G^c^'^^XxZ, (3.22) 

so that 

g = Gx{g°^^^x^Z), ^^ = ^^^^. (3.23) 

This construction resembles the approach of Ref . [52] ; since our group Goo is the phase 
space analogue of the group of pointed gauge transformations and our Q^^^ corresponds 
to Q^oi the group of pointed gauge transformations homotopic to the identity, the reduction 
of the space of connections C with respect to Q^o will create a simply connected orbit 
space, which is the universal covering space of the orbit space C/Q^, which has 7ri(C/^*) = 
TToiQ*) = Z (in general, as we shall see in Section 6, the orbit space C/Q* is a stratified 
manifold with a complicated topology and the higher 7r^(C/^*) are connected with the 
Gribov ambiguity [nontriviality of the principal ^*-bundle C] [21a]. 
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4. YM Theory with Fermions. 



Let us now introduce the "pseudo-classical" fermionic Dirac field [2c] il'{x) = {ipaai^)}' 
it is a complex 4-component spinor (a = 1, ... ,4) for each value of a; moreover it carries a 
representation p of the structure group G of P (T" are the matrices of the generators of g in 
this representation); finally the fields 'il){x) together with their complex conjugated '(/'(x) = 
'i/'^(x)7o form a (8-(iim (7)-dimcnsional Grassmann algebra ipace{x)ipb/3{y) +'^bi3{y)i^aoi{x) = 

— — — — — — — 2 

i^aa{x)'l/jb/3{y) + 'll^bl3{y)i^a_a{x) = 1paa{x)'l{jb)3{y) + ^hM'^aaix) = 0, SO that [ij{x)'lij{x)] = 

'^a^b a^f3 '^aaix)'4'aa{x)'4'bpix)'4'bp{x)- The 4-dimensional Dirac matrices 7^ are defined 

by -ff^n^u + 7j^7m = '^Vf^i^i ll = 7o7m7o, 75 = 7^ = -«7o7i7273 , 757m + 7m75 = 0; if we 
introduce P = Jo ^ind a = jol we have a^aj + CKjCtj = aij3 + j3ai = (i ^ j), = = 1. 

In the fiber bundle language the "pseudo-classical" Dirac fields are cross sections 
of an associated bundle E{M'^,G, FP , P) to P{M'^,G),with standard fiber the previous 
Grassmann algebra PP. 

The free Lagrangian density, in which iIj{x) and '^(a;) have to be considered as inde- 
pendent variables, is 



^Fix) = 7:[i^ix)'yP-dni;{x) - {d^i;{x))'y'^i;{x)] - mi;{x)ij{x) = 

- - i- ^4-1) 

= ii(;{x)j'^di^i(;{x) - mil){x)il){x) - d^j{-il){x)j^il){x)] 



For other choices of the Lagrangian density see Ref.[2c]. The interaction Lagrangian 
density with a YM gauge potential is {A\^\x) = Aaij,{x)T°-; A^ff\x)dx^ is the puUback of 
the connection 1-form in the p-representation) 

Ciix) = iTrmx)J''A(;\x)^/;{x)] = iMxh''A,^{x){T'')^,Mx)=h^{xh''A^^^^ 

(4.2) 

The total Lagrangian density can be written in the form with the minimal coupling 

Ct{x) = Cym{x) + Cf{x) + Ci{x) = 

- -^Pri^)Fa^.Ax) + ii^{x)i^{d^. + A\P\x))i^{x) - miP{x)iP{x)- (4 3) 

- d^C-ij{x)ri^{x)] = 
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- '-iP{x){d^-AlP\x))n^{x) - miP{x)iP{x) = 

= -^Fr{x)Fa^A^) + '-i;{xh^D(/''^i;{x) + '-{Df''>i,{x))Yi^{x) 

— m'4}{x)'4>{x) 

where D^^'"'^* = -{d^ - Ai'\x)). 

It is gauge invariant under the gauge transformations (2-1), if the Dirac fields have 
the following transformation properties (p is a unitary representation of G; the group of 
gauge transformations Q now becomes G^''\ to denote the change of representation) 



ip{x) ^ ip^ix) = p{U-^{x))t(;{x) = U^P^-\x)ip{x) ~ ip{x) - a^f'\x)ii;{x) 

^{x) ^ i}^{x) = i;{x)U^f^-^^{x) = i}{x)U^P\x) ~ i}{x) + i}{x)a^P\x) ^^'"^^ 

where we have also given the form of the infinitesimal gauge transformations (U^p^ {x) ~ 
I + a^p\x), a^P\x) = a„(a;)T« = -a^P^^{x)). 

They imply 

'i/i(a;)'0(a;) 'i/5(a;)'0(a;), il){x)j''^'i/j{x) i— >• '0(x)7'^'0(a;) 

D'^/''^^tl;^{x) = [d^ + U^p^-\x)AIp\x)U^p\x) + U^P^-\x)d^,U^P\x)]U^P^-\x)ij{x) = 
= U^P^-\x)D^^''""^{x) 

(4.5) 

showing that Dl^ is the covariant derivative on the associated bundle E. 

Now the improper gauge transformations in the center Zg(^p) ~ Zq of Q^p^ act non- 
trivially on '^{x): if t/^") e Zg(p), then U^p\x) = U^p^ = /^^ = A^/^^) = expifmH^P^), 
m=0,l,...,ci = dimZc — 1, with e Zq and with H^p^ in a Cartan subalgebra of g. For 
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G=SU(3), Zg = Z3 and one speaks of triality: U^p)('^) = /^^ = exp{-27rim/3)I^P'^ = 
exp{—27rimXs / V^) , m=0,l,2; Ag is a Gell-Mann matrix. In general for the action of the 
centrality on the fermionic fields one has {ip{x) = ip^°\x)): 



^u^'^'-'^ix) = = e^^(a;) = e"-^^ix) = i^^^^^x) (4.6) 



where Qz {Qzil^{x) = il^{x)) is the center charge. In QCD let p be the triplet fun- 
damental representation of quarks and p* that of antiquarks; in a tensor product of 
N p and N* p* (corresponding to N quarks and N* antiquarks) the centrality would 
be Qz = (N - N*){moddimZG), . Since aI^^^'^\x) = c/(p)M-i^(p)(o)(^)^(p)(m) ^ 
jj{p){m)-iQ^jj(p)im) ^ ^(f)W(a;) = aI^\x), with u'^p)(^) = Im ^ ^G, duc to gauge 
invariance one could write for the total action (d = dimZc — 1) 



^ d-l 

St[A,iI^] = St[A^°\iI;^°'^] = St[A^'^\iI^^'^'^] = ^ X! St[A^'^\iI^^'^\ (4.7) 



In the Abelian case we shall use as antihcrmitean generator for U(l), T° = —i, so 
that we obtain the Lagrangian density (A^ = eA^) 



JC-t{x) = -^F^''ix)F^,{x) + ^(a;)7^(^a^ + eA^{x))iP{x) - miP{x)iP{x)- 

-d^C-ij{x)r^ix)) = 

I (4.8) 



F^'F^,^ + i}{x)-i^{id^, + A^{x))i}{x) - mi}{x)i}{x)- 



4e2 

-d^,C-^i,{x)-i^i>{x)) 



The Euler-Lagrange equations for the gauge potentials and the Dirac fields are 
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= d^Frix) + CabcAb^,{x)Fr{x) + ig^iP{x)rT''iP{x) = 

= Dif'>Fr{x)+g'j:ix)=o 

dCrix) dCrjx) _ 
^^^''^ " 'd^ ~ "ddiM^ - (4-9) 



= tl^{x)[i{d^ - A(f)(x))7^ + m] = ^(x)[-iDj,^''')*7^ + m]=0 
dCrix) dCrix) 



dt/j{x) dd^'ijj{x) 



is the matter current and we have 



J!:{x)=i^P{x)rT-^P{x), J^{x) = 
= -l[Dl''\Di''^]F^^{x) = - 



J^{x)f- 

= (4.10) 

\[F,^{x),F^^{x)]^Q 



The total action is quasi-invariant under the Poincare transformations (2-18) and 
5oil}{x) = -Sx^d^i^ix) + {djxpa'^l^i^ix) = a^d^i^ix) + ^^^^{x'^d'^ - xl^d"^ + |c7"^)^(a;), 

5o^{x) = -Sx-'d^ipix) - idaSxf3tp{x)a''f^ = a^d^^ix) + ^iOapi^{x){x''d^ - x^^P - fa"^), 
with (t'^^ = lb'*, 7^], [f7"^,7''] = 2z(7«r/'^^ _^i3^f,ay^ 



5Ct = SoCt - df.VL'^ = 0, VL^ = -5x^Ct 
5oCt{x) = ^SoAa^L'^^' + Soi^L^ - L^Soi^ + d^{-^FrSoAa, + '-['iprSoi^- (4.11) 

with X^^^ — F^'^ AaaSx" as without fermions. 
The conserved Noether current is 
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o 

=d^{ei^''Sx, + ^d^Sxpi^i^cT''^ + (T-^ini^)= 

(4.12) 

with the energy-momentum tensors [d^^ is given in Eqs.(2-20)) 6'^^, and the angular 
momentum density tensor given by: 



= - ^KL^' - Iv^^ii^L^ - L^i^)=e'T (4.13) 



The symmetric energy-momentum tensor is ^{Oj!^ + Oji^) [23g]. 

The conserved Poincare generators are (u* = ^e^^^a^^^ cr*°7° -|- 7°(7*° = 0; Hdt is 
given by Eq.(4-20) below): 
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P - J d''xe''^{x,x")= J d-'xe^T^ix^x") = P° = Hdt, 

° a 



° a 

P' = j d^xe^^{x,x°)= j d^x9^\x,x°) = 

= - J d^x{7ra{x,x°) ■ d'Aa{x,x°) - ^ilj\x,x''){d' - W)^{x,x°) = P\ 

g 2 

ji ^ ^^ijkjjk ^ j d^xe'^''{x^e°^{x,x°) + ^il;\x,x°)a^^^{x,x°)) = 
= I d^x{\[xx{EaXBa){x,x°)]' + tl;\x,x")a'tl;{x,x"))= 
= J d^x{e^^^x^rT^{x,x°)+^\x,x°)a'^{x,x°)) = 

= j d^x{-e'^^[TTi{x,x'')Al{x,X°)+Tfa{x,x'')-X^d^Aa{x,X°)- 

- l-'4}\x,x°){x^ -d'^x^)-4}{x,x°)] + -^^^x, a;°)c7V(^,a;°)} = 
K' = = j d^x{x^e^%x,x") - x"e!p{x,x°) 

= J d^xx'd°T°{x,x°)-x°P'= j d^xx'9^%x,x°) -x°P' 



For their convergence one has to impose the following boundary conditions (also en- 
suring the possibility to discard the surface terms in the integration by parts) besides 
Eqs.(2-40): 

iPix, x°) ^.^oo ^:3^ + O(r^) (4.15) 

with X independent from the direction and the time as in Eqs.(2-40). 
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The canonical momenta for the Dirac fields are 



dC i ^ ^ ^ 

and the standard Poisson brackets for the odd variables i(^aa{x), T^aai^), i^aai^), T^aai^) 
are 



{-Ipaaix, X°),7rbp{y, X°)} = -SabSapS^ix - f) 



We have now the primary constraints 

<{x) ^ 



with the only non- vanishing Poisson brackets: 



(4.17) 



^ _ 

Xaa{x) = 7Taa{x) + ^{lp{xho)aa ~ ^ (4.18) 
Xaa{x) = 7taa{x) + ^{lo'lpix)) ~ 



{Xaaix,X%Xbf3iy,X°)}=-i5abir)^J%X-y) (4.19) 

The total Dirac Hamiltonian is 




+ - [tl^ix, x°)7 ■ + A^P^ {x, x°))t(j{x, x") - tl;{x, a;°) {d - A^f^ {x, x")) ■ ^^{x, x°)] + 
+ mi^^x, x°)'i(j{x, x°) - Aao{x, x°)T'^{x, x°) + Xao{x, x")tt^{x, x") + 

+ Xaa {x, X°)Haa {x, X°) + jlaa {x, X°)Xaa {x, X°)}. 

(4.20) 

In Eqs.(4-20) P^ is given by 

55 



(4.21) 



with 



{rr(x, x"), X6a(y, a;°)} = -#6/3(f , a;°)(7°)^«T'^<5'(f - y) 
{r^(f , X°),Xba{y, x'^)} = iT-{^°).i^,p{x, X°)5\x - ^ 



The time constancy of the primary constraints imphes: 



<(f,X°)={<(f,X°),ifDT} = Tl{x,x") ^ 
Xaa{x,X°)^{Xaa{x,X°),HDT] = ifiapix, x"){Y) 

- (iPix, x^'Md - A^P^ (f , a;°)) • 7 - ™])aa ~ ^"^-^^^ 

^aai^^X°)={Xaaix, X°), Hdt} = -liY) afil^apix, X°)- 



One obtains Gauss' laws r^(x) ~ as secondary constraints and the determination 
of the Dirac multiphers iJ,aa{x), jlaa{x): therefore Xaa{x) ~ 0, Xaa{x) ~ are pairs of 
2"''-class constraints. One has: 



/xaa(x) ^ ^(7°[^7 " + A^'Hx)) + m]^(x))„, 

t= —— (4.24) 

l^aa{x) ~ -i{lp{x)[i{d- A^P>{x)) •7-"^]7°)aa 

The time constancy of Gauss' laws implies 



t^{x,x'')={T^{x,x''),HDT} = -CabcAto{x,x'')T^{x,x'')- 

- z(V;(f,a;°)7°)5«rV6a(^,a;°) + z/i6a(^, a;°)T«(7°V(f,a;°)),, 



by using r^{x) a; and Eqs.(4-24); therefore, no more constraints are implied. 

The non- vanishing Poisson brackets of the algebra of the constraints 7r°{x) 0, 
Tl(x) ^ 0, Xaaix) ^ 0, Xaaix) ^ are given by Eqs.(4-19), (4-22) and by 
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{Tl{x,x''),Tl{x,x'')} = Cabcrc{x,x°)5''{x-y) « -iCabci^{x)YT''i;{x) ^ (4.26) 



Xaa{x) ~ and Xaa{x) ~ are 2"''^-class constraints, while the l**-class ones are 7r^(a;) ^ 
and 



f ^(a;) = T^ix) - (x6^(a;)T>b^(x) + i;i,^{x)T-Xb^{x)) ^ (4.27) 

because 

{tlix, X°), f^(y, X")} = CabcTci^, -y)-0 

{f^(f , x°), X6a(y, x")} = Xbcix, x°)T''5\x -y)^Q (4.28) 
{f^(f,x°),X6a(y,a;°)} = -T''xba{x,x'>)5\x-^ ^ o 



The second class constraints are eliminated by introducing the Dirac brackets, so that 
Xaa{.x) = Xaoi{x) = hold in Dirac strong sense. One eliminates the conjugated variables 
'4^aa{x) and Ttaa{x)'i howcver, instead of working with ipaaix) and TTaa{x)i it is simpler [2c] 
to use ipaa{x) and i^aaix) = 2z(7r(a;)7°)^Q,. The Dirac brackets of il^{x) and ■0(a;) are 



{i^aa{x,x%^bM^")y = -i5ab{l°)^p5\x-y) (4.29) 



with all the others vanishing. Now r^(a;) = r^(a;) and 



{Vl{x,x'),Vl{y,x'')}* = cabcr'^{x,x'^)5^{x-y) (4.30) 



Instead of {., .}* from now on we shall use the notation {., .} also for the Dirac brackets. 
The Dirac Hamiltonian strongly becomes 
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+ -[ijj{x,x'')^-{d + A^P\x, x°))^p{x,x°) -ij{x,x"){d- A^P\x, x°)) ■ ^'ii;{x,x°)] + 



+ miPix, , x°) - Aaoix, x°)r^(f , x°) + Xao{x, a;°)<(f , 



/ 



d'x{lj2(s'^aix,x") + ^Bl{x,x^))+ 



+ itP^x, x°)a ■ {d + Aa{x, x°)T'')il}{x, x°) + mil^^x, x°)tP{x, x°)- 

- A,,(f,x°)r^(a^,x°) +A,,(x,x°)<(f,x°) - '-d-[i;\x,x°)ai;{x,x'')]} 



(4.31) 



Let us remark that from the primary constraints Xaa{x) ~ 0, Xaa{x) ~ one can 
build the generator G = J d^x[xaoi{x,x°)e{XjX°) + €aa{x, x°)xaa{x, x°)] of the general- 
ized gauge transformations di/jaaix, x°) = {'ilJaa{x,x"),G} — —eaa{x,x"), Si/^aaix^x") = 
{'^aa{x,x°),G} — eaa{x,x°) {taa{x) and 600,(0;) are Grassmann valued arbitrary spinors). 
Under them we get 



S£t{x) = SiPix)^^ + Sdi^iPix)-^^^^''^ 



dip{x) dd^'tp{x) 



dip{x) dd,j,il}{x) 



= e{x)L^{x) + L^{x)e{x) + d^[--{e{x)Yi^{x) + i;{x)re{x))] = 

=d^[--{l{x)^^'i^{x)+i^{x)Y<x))] 

This is the "weak quasi-invariance" (quasi-invariance modulo l**-order Eulcr-Lagrange 
equations), which characterize singular Lagrangians generating, at the Hamiltonian level, 
primary 2"'^-class constraints [5c] . The Noether identities in this case are trivial 



but as expected [5c] for = they reproduce the primary 2"^*^- class constraints 
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G°{x) = e{x)x{x) + x{x)e{x) = Q 



(4.34) 



Following Ref.[5c] the Noether identities associated with the l**-class constraints 
7r°(x) ~ 0, Fa (ic) ~ (replacing Eqs.(2-9) in presence of fermions), generating the stan- 
dard infinitesimal gauge transformations 5A^[x) — D^f^'ai^x), S'ip{x) = ^a^P\x)^|J{x), 
5ijj{x) = ijj{x)a^^\x) {a{x) = aa{x)T"-, a^^^^x) = aa(a;)T"; for K = Aa^ji/jjijj one has 
5K{x, x°) = {K{x,x"),G} withG' = / d^xiiD^'^^^aix, x°))^7r°{x,x'')-aa{x,x'')f'^{x,x")] 
) under which the action St — J d'^xCrix) is invariant, are 



1 

6£t{x) = -^L^{x)5Aa^{x) + 5i/;{x)L^{x) - L^{x)Sil;{x)+ 

d^&'ix) = -^5Aa^,{x)L'^{x) + L^{x)5i;{x) - 5i;{x)L^{x)^0 
G^'ix) = aaix)G'^^ix) + d,aaix)GZix) = 

7ri^-{x)5AaAx) - '-{5^|,{x)ri^{x)-^|;{x)rSiJ{x)) 

= -\cabcFr{x)A,,{x) - ii;{x)rT''i^{x) 



so that 



(4.35) 



Gir:^ - 

d.GZ ^ -G^,a - = ^{caBcFrAc. - ^ + ^t'^T^ (4.36) 

and the contracted Bianchi identities become 

dI'^^L^' - g'^f''{L^T''il; + ViT'^L^) = (4.37) 
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Eqs.(2-13) are replaced by 



o _ Moo) p 

= 9o7r° =d-7Ta- O^Gq" = d-7Ta + + — L° = (4.38) 



consistently with Eqs.(4-21) (see also Eqs.(2-28)). 
Then as before we have 



V>: = -d.GZ = ^d^F^'' = d,Ui^"'^= - \cabcFrAc. + ii^^T^^^ (4.39) 



with C/i''''' = -F^'^/g^. 

From d^Gi^^O we get the improper conserved charge 



(4.40) 



In the Abelian electromagnetic case ^^(^1^=0 is the conservation of the electric current 
and eQ = e J d^xip^ip. Let us remark that, in this pseudoclassical background of QED, Q 
is an even quantity bilinear in Grassmann variables: this shows the intrinsically quantum 
character of the charge, like in the pseudoclassical description of particles with either spin 
or inner degrees of freedom (charges) [44]. In the one-particle quantum Dirac equation, 
with the normalization J d^xip'^iij = 1 for the wave function ■0, one has eQ=e. In the non- 
Abelian case one has gQ^ = S J d^xil)^{iT°')'^ — g{T°')^^^ J d^xF^^'^Ack; this again shows the 
quantum character of the charges: the fermionic part is a bilinear in Grassmann variables, 
while the bosonic part is a number, which, however, depends on the matrix elements of 
the generators in the adjoint representation (see also the approach of Ref.[64]). 

Let us remark that gauge fields were introduced in physics starting from global symme- 
tries associated with a Lie group G of fermion fields (Eqs.(4-5) with U and a independent 
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from x) and looking for a theory with the global symmetry extended to a local one to 
realize the idea that the charges can be defined independently in each space-time point 
(gauge principle). This led to the introduction of the gauge fields via the covariant deriva- 
tive (the minimal coupling) and to the identification of the gauge fields with connections 
on a principal G-bundle so to introduce a concept of parallel transport to compare charges 
in one point with charges in another one. Thus the fermion part of Qa must be well 
defined under global (first kind) gauge transformations, since this is the starting point of 
the construction; the delicate point is a sound definition of Q^^^ = Qa — Qa- Instead in 
the mathematical description with fiber bundles, gauge fields as connections on a principal 
G-bundle are the starting building block of the theory and matter fields are a subsequent 
ingredient of it connected with suitable associated bundles. 
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5. The Abelian Case 



Let us review the theory of electromagnetism, whose description with a trivial principal 
G-bundle involves the structure group G = U{1). The gauge transformations associated 
with Gauss' law have the form U {x) = e*"(^^ , with x°) — ^r^oo const, for improper 
ones and q;(x, x°) — >r^oo -i^^ + 0{r~^) for proper ones. 

The gauge potentials A^{x) ~ A^{x)/e associated with a connection oj-^ on the trivial 
principal bundle P{M^^G) satisfy the boundary conditions A^{x,x°) — ^r^oo ^rf^ + 
0(r~^), while for the associated field strengths Ffj^jj{x) = dfj,Ajy{x) — d:yA^{x) we have 
Ff,^(x,x°) — ^^^oo + 0(r-3). The Bianchi identities are ^^*F^'''{x) = 0. 

The electric and magnetic fields are E'^{x) = F*°(a;) and B\x) = —\e''^^F^^{x) = 

-2 -2 

-e^^^d^A^{x). The Lagrangian density is C{x) = -IF^^{x)F'"'{x) = |(E (x) - B (x)) = 

^{[A{x) — dAo{x)]'^ — [d X A{x)] } and the canonical momenta are 7r°{x) = en°{x) = 0, 
7f*(a;) = e7r^{x) = E^ix); the Poisson brackets are 
{A^{x,x-),7r'^{y,x-)} = {A^{x,x°),7r'^{y,x°)} = rj'^^6^{x - ^ so that {A'{x,x°),7r^{y,x°)} 
= —5'^H^{x — y)). The Euler-Lagrange equations and the contracted Bianchi identities are 

(A = -d'^y. 

L^'{x) = e-^L^{x) = dyP^^^ix) = UA^'(x) - ^^'^^A''{x)^0 
L%x) = e-^L%x) = -d- E{x) = d- l{x) + AA°{x)=Q 
L{x) = e-^L{x) = -E{x) + dx B{x) = do{-dA°{x) + A{x))- ^^'-^^ 

-dx[dx l(x)]=0 
d^Lf'ix) = 

The l^*-class constraints are 

TT^ix) f« 
t{x) = eT(x) 

and the Dirac Hamiltonian is 

Hd = J d^x{^[f{x) + b\x)] - Ao{x)r{x) + ~Xo{x)r{x)} (5.3) 
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-d ■ Tt(x) = -d ■ Fix) = L^ix) ^ 



(5.2) 



We see immediately that Ao{x), 7r°{x) are a pair of conjugated gauge canonical vari- 
ables. A second such pair is formed by fj{x), r(x), where f]{x) describes the longitudinal 
degrees of freedom of the gauge potential. To find fi{x), let us first find the solutions of 
Gauss' law. With our boundary conditions, the Beltrami-Laplace operator A = —d^ has 
no zero modes and there are no harmonic forms in the Hodge decomposition of 1-forms 
[241] on R^, so that its inverse is well defined; one has 



1 o -1 o 

-S%x-y)^c{x-y) = -— — -, Ac{x - y) = S\x - y) (5.4) 
A 47r|a; — y\ 

This implies that the following distribution [17] is well defined 



d{x - y) = dlc{x - y) = f -y)= 

^ 47r| X — y\ (5.5) 

4 • c{x -y) = -By ■ c{x -y) = -5^{x - y) 



and it serves to solve the equation B ■ f{x) = —p{x): 



d'yc^x - y)p{y) + {5'' + -^)9'{x) (5.6) 

with g{x) an arbitrary function; one has (5*-' + d'^d^ / A)f^{x) = {6'^^ + d'^d^ / A)g^ (x). 
Then the solution of Gauss' law is 



(5.7) 



TTi{x,x°) = El{x,x") = {6'^ + ^^)n\x,x") = 

= J d^y[6'^S^ix-^ + c'{x-y)di]7T^{y,x°) 

Here E± {x, x°) is the transverse electric field and we have 



w{x) = E{x) = n^{x) + ^t{x) (5.8) 

Let us recall (see for instance [241, o]) the Hodge decomposition of forms on a dif- 
ferentiable manifold. Let (M,g) be an oriented, pseudo-Riemannian manifold with non- 
degenerate (0,2) tensor field g and with a metric volume form //; if p e M, g(p) defines 
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an inner product on TpM (the tangent space at p) of signature (r,s), r+s=m=dimM, and 

index ig = s: for s=0 one has a Riemannian manifold and for s=l a Lorentz one; g in- 
duces an inner product on all tensor spaces and therefore also on A^(M) (k=0,l,..,m), the 
space of all differential k-forms on M: if a, /3 G A^(M), then {a, (3) i— g{a, (3) e R. The 
"Hodge star operator" on (M,g), * : A^(M) ^ A^-'^(M), sends (3 e A.^{M) {0 < k < m) 
into *P e K^~^{M) such that a A */? = g{a,P)fx for every a e A'^(M); one has = 
^_-J«9+^("^-A;)^^ _ (^^ya^ — ^ Pqj. 2-forms ou Miukowski space-time one has 

** = on and one has ** = xhe "codifferential" 5 on (M,g) 

is a linear map 6 : K^{M) —>■ A^~^(M) defined as 



where d is the exterior differential on M; one has 5/ = on functions / e A°(M). Like the 
property — allows to define closed {da = 0) and exact (a = dl3) forms, the resulting 
property 5^ = of the codifferential leads to "coclosed" {6a = 0) and "coexact" {a — 6(3) 
forms. Given a vector field X^di on M, one defines a 1-form Xidx^ by means of Xi — QijX^ 
{9ij = g{di,dj)): then 6{Xidx') = implies div{X'di) = 0, i.e. diX'{x) = 0. When (M,g) 
is an oriented, closed (i.e. compact and without boundary), Riemannian manifold {ig = s = 
0), the "Laplace-Hodge-deRahm operator" A : K'^{M) A^(M) is defined by A = d6+6d 
(on functions one has —A = = div o grad, the classical Laplace-Beltrami operator). 
An L -inner product on A'=(M) is defined by the map <, >= A^(M) x A'=(M) R, 



< a,P >= fj^aA*p = f^g{a,p)i^, a,p e K^{M). For a,(3 e K^{M), 7 e A'=+i(M), 



one has : i) < (ia,7 >=< a^6f3 > {6 is the adjoint of d); ii) < Aa,(3 >=< a,AP > 
(A is self-adjoint); iii) Aa = if and only if da = 6a = 0: a is said to be a "harmonic 
k-form" (it is both closed and coclosed). The set Ti'' — {a E A''{M)\Aa = 0} is a subspace 
of A'^(M). The "Hodge decomposition theorem" asserts that H'' is finite-dimensional (it 
is isomorphic to the k-th de Rahm cohomology space H^{M^R)) and that there is the 
following direct sum decomposition into orthogonal (with respect to < , >) subspaces 

K^{M) = dA^-\M) © 6A''+^{M) © H'' 

so that for any k-form a one has a = dp + 6^ + 9. The proof uses the theory of elliptic 
operators and this requires the compactness of M. In our case, i?"^, the chosen bound- 
ary conditions allow to avoid the compactification to and to apply the theorem: one 
has A^{R^) = dA°{R^) © 6A'^{R^), since is void. When 7ri(M) ^ 0, like in the ideal 
Bohm-Aharonov setting, contains extra physical degrees of freedom of the gauge po- 
tential (whose conjugated variables are the harmonic forms in the Hodge decomposition 
of Tt{x) ■ dx); this seems to imply a classical basis for the description of the observable 
quantum Bohm-Aharonov phase, which will be explored elsewhere. Therefore the Hodge 
decomposition of the 1-form A{x, x°) ■ dx on R^ with our boundary conditions is given by 



ig+mk+m+l 



*d*, 



A{x) ■ dx = dfi{x) -\- D{x) ■ dx 



(5.9) 
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where D{x) ■ dx is a coexact 1-form: S{D{x) • dx) = 0; this imphes d • D{x) = 0, i.e. that 

D{x, x°) is divergence free. Therefore D'^{x) = Aj_{x) = {S^^ + ^^)A^{x) is the transverse 
part of the gauge potential. From the Hodge decomposition we get 



A{x, x°) = dfi{x, x°) + (f , x°) 

fi{x,x°) ^ -^d ■ A{x,x°) ^ - J d^yc{x-y)-A{y,x°)= (-5^0) 
= J d^ydyc{x - y) ■ = - j d'yc{x - y)dy ■ A{y, x°) 

where an integration by parts (allowed by our boundary conditions) has been done to get 
the last line. 

Since we have 

{f,{x,x°),V{y,x°)} = -5\x-^, (5.11) 
we see that fi{x) is the looked for longitudinal gauge variable. We also have 



and 



' --c\x-y) (5.13) 



5A'-{y,x°) 



Therefore the two canonically conjugated pairs of physical variables, spanning the 

reduced phase space, are contained in Dirac's observables ^_L(a;), tt^_{x) = E±{x), which 
satisfy 



{A^{x,x°),K{y,x'^)} = K{x) = Ao{x),7r%x),fi{x),t{x) 



{7r^ix,x%K{y,x°)} = 



{A\{x,x''),ni{y,x")} = -{5^^ + -^)6'{x-y) (5.15) 
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Since from Eqs.(5-8) and from B'^{x) = —e^^^d^ A^{x) = -e'^^'^d^Aj_{x) one has 



w 2 

f{x) = flix) + 2f^{x) ■ ^f{x) + [|f (x)] (5.16) 



the Dirac Hamiltonian (5-3) becomes 



Hd = H^+ [ d^xdi^tix)] + f^ix) ■ ^tix) - Aoix)Tix) + ~Xoix)rix)} = 

2 A A ^5_;L7) 

= Hj_ + J d^x[-Ao{x)r{x) + Xo{x)Tt%x)] « H_L 

H^= d^x-['K^{x) + B {x)] (5.18) 

To get the second hne of Eqs.(5-17) we have done an allowed integration by parts and 
we have discarded a term quadratic in the constraints: " = " means here "strong equality" 
in the sense of Dirac. 

We see that H± is the physical (i.e. Dirac's observable) Hamiltonian on the reduced 
phase space. There the Hamilton equations are 

A\{x,x'')^A\{x,x'^),H^} = -7fl(f,x°) = -EY{x,x'^) 

. i (5-19) 
n^{x,x°) = E^{x,x°)={7ti{x,x°), H^} = AAi{x,x°) 

Therefore the effective equations of motion are 

□iY(x) = {d^ + A)iY(^)=0 (5.20) 

which are the Euler-Lagrange equations deriving from the non Lorentz covariant La- 
grangian density (see Section 10 for the problem of manifest Lorentz covariance replaced 
by manifest Wigner covariance): 

J^±{^) = IUa^) - BlA^x)]) = l[4(x) -{dx A^x))'] (5.21) 
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Eqs.(5-21) can be obtained from C{x) = l{[A{x) - dA°{x)] - [d x A±{x)] } = 

l{[dir)(x) - A°(x)) + A^ix)] -[dx A^ix)] }=C^ix) by using the first of Eqs.(5-22) be- 
low. 

That Ao{x) and f]{x) are the natural gauge variables can also be seen by recovering 
Eqs.(5-20) from Eqs.(5-1) without introducing gauge-fixings. Actually by using Eqs.(5-10) 

— * 

we can rewrite L°{x)=0 and L{x)=0 as 

L°(x) = t{x) = A[Ao{x) - fj{x)]^0 

(5.22) 

L{x) = UA^{x) - d^dlAoix) - fj{x)]=0 

which imply 



= L{x) + d"—L"{x)^0 (5.23) 



Ao{x)^{x) = --^d- A{x). (5.24) 

In absence of charged fermions, the natural gauge-fixing to Gauss' law, following the 
scheme of Ref.[34], is fj{x) ~ 0, i.e. the Coulomb gauge. Then its time constancy 

fj{x, x°)={ri{x, x°), Hd} = Ao{x, x°) - (^, x") ^ Ao{x, x°) ^ (5.25) 
implies the temporal or Weyl gauge Ao{x) a; 0, and its time constancy 

Aoix, x'')={Aoix, x"), Hd} = Ao(f , x°) (5.26) 

determines the Dirac multiplier. Therefore in absence of charged fermions the Coulomb and 
the temporal gauges are compatible and we get a subcase of the Lorentz gauge 9'*JL^(a;) 
0. 

From Eqs.(5-17) we see that the Hamiltonian for the decoupled gauge variables Ao{x), 
7t°{x), f}{x), T{x) is Hg = J d^x[—Ao{x)T{x) + Xo{x)'K°{x)], whose Hamilton equations are 

Ao{x)=Xo{x), f°{x)=t{x) fa 0, fj{x)=Ao{x), t{x)=0, consistently with Eqs.(5-25), (5-26). 
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To clarify the comparison with the Lagrangian approach using covariant gauges, let 
us consider how the Lorentz gauge 9^^^ (a;) = can be implemented at the Hamiltonian 

level. Since Ao{x)=Xo{x), one sees that the Lorentz gauge- fixing constraint is 



that is the gauge-fixing constraint depends on the Dirac multiplier (see Ref. [5c] for this 
kind of constraints). Its time constancy, i.e. the gauge- fixing constraint for 7r°{x) ~ , is 



7 \ 

CXo + A?7)=^ + { Ar], Hd} = A„ + Ai„=Di„ ^ 



dx° dx° 
Therefore Aq is not fixed. Also Aq is not fixed, because 



^ (Xo + Aio)=Ao + AAo = DAo « 



dx° 



We find the residual gauge freedom of the Lorentz gauge A^ — > ^^-|-5^A with UA = 0. 

In Ref. [21i], following Refs.[21a-h], it is shown that the orbit space, i.e. the reduced 
configuration space in which the reduced Lagrangian density (5-21) is defined (an orbit is 

the set of gauge equivalent gauge potentials described by A^{x)), is endowed with a natural 
Riemannian metric, whose Levi-Civita connection and curvature tensor can be evaluated. 
Actually in analogy to a non-rclativistic particle of mass one moving in a curved space 
described by the Lagrangian L = ^gij{x)x^x^ — V{x), where the infinitesimal squared 
distance in that space is given by ds^ = gij{x)dx^dx\ with an allowed integration by parts 
we can rewrite Eqs.(5-21) as 



1 2 1 2 

= ^[AAx)A\{x) -{dx A^{x)) ] = -[A{x)P'f{x)A{x) -{dx Mx)) ] (5.27) 



where (x) is the projection operator 



PY{x) = S'' + PYP'^ = Pf (5.28) 
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From Eqs.(5-10), we see that the longitudinal modes dfj{x) contained in A{x) are 
eigenvectors of P^{x) with eigenvalue zero. This suggests a natural way to define an 

— * 

infinitesimal squared distance in the functional space { JL(a;)} of the vector gauge potentials 



Ss^ = j(fx5A\x)PY{x)5A\x)= J d^x6A^{x)PY{x)6A^{x) (5.29) 



where 5A{x) = Ai{x)—A2{x). This metric depends on the orbit A±{x), because it does not 
depend on the longitudinal part d'f]{x), i.e. it is gauge invariant: the distance between two 
gauge equivalent gauge potentials, i.e. having the same transverse part, is zero. Therefore 

we have: i) in the functional space {^(^c) = dfj{x) + Aj_{x)} it is possible to define slices 

{A±{x)} (isomorphic to the orbit space) orthogonal to the gauge orbit {d'f]{x)}; ii) Eq.(5- 
29) defines a metric on the orbit space. Since the metric (5-29) does not depend on the 
vector gauge potential, it is constant, so that the functional space of gauge potentials in 
the Abelian theory is flat. 

Let us now consider the coupling of the electromagnetic potential to Dirac fermions, 
assumed to behave as ijj{x,x°) ^j,-3/2+e ^ 0{r~'^) for r — > oo like in Eqs.(4-15). Prom 
Section 4, Eqs.(4-8), we have the Lagrangian density 



jC{x) = ilj{x)^^'{id^ + eAf,{x))il;{x) - mi^{x)i^{x) - \f^^{x)FI''' {x)- 

^ (5.30) 



implying the Euler-Lagrange equations 



d^F^^'ix) = QA''{x) - d'^id^A^'ix)) = -ei;{x)Yi^{x) + L^''= - eil}{x)Yi}{x) 

L^{x) = 4^ix)[iid^ - e4(a;))7^ + m]=0 (5.31) 

Li^ix) = b^{id^ + eA^{x)) - m]iP{x)^0 

The canonical momenta of the various fields and the primary constraints are un- 
changed (see Section 4), and the secondary constraint given by Gauss' law becomes 

f^(a;) = L'^°ix) = -dn(x) + eip\x)ip(x) ^ (5.32) 
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with r'^{x,x°)^r^^ const. r-(3+«) like in Eqs.(2-40) due to Eq.(4-15). 



By eliminating the fermionic momenta and by using the Dirac brackets (4-29) (or 
{'0a(x, a;°), '(/'^(y, x°)} = —i5ai3S^{x — y)), we are led to the following Dirac Hamiltonian 
in terms of /? = 7°, a = 7°7 (after an integration by parts; see Eqs. (4-20)) 



^ 1 ^2 ~2 

d^x{ip^{x)d ■ {id + eA{x))ip{x) + mip''{x)l3ip{x) + -[k {x) + B {x)]- 

2 (5.33) 

- Ao{x)t'^{x) + Ao(a;)7f°(a;)}U=(j,^o) 

Since {ipaix, x°) ,T'^ {y, x°)} = —ie'ipa{x,x°)5^{x — y), by using Eqs. (5-11), one obtains 
[17] the following Dirac's observables for the fermion 



i,a{x) = e-'^'i^-^aix) 
i^iix) ^ i;i{x)e"'''^''^ 



(5.34) 



{^a(^,a;°),F(y,x«)} = {^i{x,x"),r^{y,x")} = (5.35) 
Their only non vanishing Dirac brackets are 



{i,a{x,x''),i,l{y,x'')} = -i5o,p5^{x-^ (5.36) 

These Dirac's observables are not measurable quantities, because they are Grassmann 
odd: only Grassmann even combinations of them, like the bilinears, are measurable in the 
sense of Ref . [44] . 

Following the same procedure used to get Eq.(5-18), the final physical Hamiltonian 

depending on Dirac's observables A_^{x)^ t^a_{x) = E±{x), ipix), ip^x), whose brackets are 
given by Eqs. (5-15) and (5-36), is 



H± = j d^x{i^P^ {x,x°)a ■ dij{x,x'') + m^p\x,x°)Pi;{x,x°)+ 

_ 1 ^2 ->2 

+ e'4^\x,x°)a- A^{x,x'')iIj{x,x°)^ -[tt^{x,x°)^B [i^(f , a;°)]]+ (5.37) 
2 9 2 
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where c{x — y) is given by Eq.(5-4). A^{x), E{x) describe the radiation field and there is 

— * 

a minimal coupling of the Dirac's observable fermion field to A±{x). Instead the last term 
describes the non-local Coulomb self-interaction of Dirac's observable fermion field. 

In the derivation of Eq.(5-37) one has used Eq.(5-16) and 



2 2^2 

[^f(x)] ^[-{f^{x)-ei;\xmx))] 

3 " -.2 

- 2e[-F(x)] • ^{i^\x)i^{x)) + e'[^{^\x)^{x))] 



so that, after an allowed integration by part, the Dirac Hamiltonian is 



{x,x°)(3'ip{x,x°)+ 



j3„^3„. [V' U^: x°)i;{x, x°)] [ip^{y, x")tl){y, x")] 

\x-y\ 



(5.38) 



(5.39) 



~, -t ~ 1 ^2 ^2 ^ 

+ eV^T ^ x°)d ■ A_L (f , x°)%l){x, x°) + - [tt^ (f, x°) + B [A^. (x, x°)]] }+ 

2 -> 

+ j d^x{\[^V^{x,x'')] -e[|F(f,x«)]-|(^t(f,^o)^(f,^o))^ 

+ -7r[-ir{'^\S,x°)il;{x,x°))] - Ao{x,x°)T^ {x,x°) + \o{x,x°)n%x,x°)} 

= H± + J rfM-[^(^,^°) + e^(^^(^,a;°)7/.(^,a;°))]F(f,a;°)+ 

a 2 
+ Ao(f,a;°)r(f,a;°) + ^[-F(f,x°)] } 

with ilfj^ of Eq.(5-37); in H± the self-energy term can also be written as 



d'x[^{i,\x,x'')i^{x,x^))] = 
= e^ J dWy[V;t(f,a;°)7^(f,a;°)]c(f -y)[7^t(y,a;°)7^(y,a;°)] = (5.40) 



Note that with the boundary conditions /(rr, x°) — > const. r ^^'^^^ (/ = T'^ ^ip^ip), these 
functions are square integrable and therefore tempered distributions, so that their Fourier 
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transforms are well defined; for two of such functions f,g the following integration by parts 
is well defined J d^xf{x,x-)ig{x,x'^) = J ^f/y, = J d^xg{x, x-)if{x, x^). 

Let us remark that now the Coulomb gauge fj{x, x") ~ is not compatible with the 
temporal gauge Ao{x, x°) ~ 0, because 



ri{x, x°)={fj{x, x°), Hd} ~ Ao{x, x°) + ^ip\x, x°)ip{x, x") ^ 
d^lAoix^x") + ^(V;t(x,x°)V;(x,a;°))] ^ (5.41) 
^ Xoix,x°) + ^['ip\x,x''){'Cd ■ dip{x,x°)] ^ 



To decouple completely the physical degrees of freedom from the gauge ones, one has 
to do a final canonical transformation to a new set (what is lacking is the extraction of a 

covariant canonical basis from Aj_{x), 7f_L(a;)): 



Voix) = AAo{x) + e'4}\x)'4}{x) 
U°{x) = ^^°{x) ^ 

(5.42) 

fj{x) 

f^ix) ^ 



A^{x) 
Tr±{x) 

(5.43) 

V^^x) = e*^°^^^V;t(a.) ~^t(a.) 



because, since {'ip^{x,x°)'ip{x,x°),'ip^{y,x°)'ip{y,x°)} = 0, we have 
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{Vo{x,x°),tlo{y,x'^)} = 5\x 

{^^{x,x"),Vo{y.x")}^Q 



(5.44) 



{7A«(f,a;°),K(y,x°)} = 



Now we have 



Hd = H± + Hg (5.45) 



with H±^ the same as H±^ but as a function of if) and with the gauge Hamiltonian Hq given 

by (the fermionic term in the second hne comes from re-expressing H±^ in terms of '0 to 
get H^) 



2 

Hg = j dM-(^V;(f,a;°))F(f,x°) + i[|F(f,a;°)] + 



(5.46) 



+ [Ao(f,a;°)A - eV' {x,x'')aiP{x,x°) ■ a]n°(f,a;°)} = 

2 

= j d^x{-{^Vo{x,x'^))t^{x,x'^)+^-[^t^{x,x")] + 
[AAo(f , a;°) + ed ■ {if; (f , a;°)5V'(x, x°))]n°(:f, x")} = 

2 

- / rf^a:{-(lK(f,a;°))F(f,x°) + ^[|F(f,x°)] + 
+ Xo{x,x")W{x, x")] 



after an aUowed integration by parts and a redefinition of the arbitrary Dirac multipher. 
The analogue of the temporal gauge is now Vo{x) ~ 0. 

From Eqs.(5-31) instead of Eqs.(5-22) one gets 
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L'^^x) = A[Ao{x) - fj{x)] + e^Hx)i/j{x) = 

= A[Ao{x) -r~]{x)] + eip^x)ijj{x)=0 

L (x) = UA±{x) - d°d[Ao{x) - fj{x)] + ei/;'' {x)YiiIj{x) = 

= UA^(x) - d°d[Ao{x) - f]{x)] + eV;t(a;)7°77/'(a;)=0 

L^{x) = e^«^("){7°K - ei-Ao{x) + + 7^^/'^^ + eA^k{x)) - m}^{x)=0 

L^{x) = ^l;\x)r{\iK + e{-Ao{x)+fj{x))]r + (tdk - eA^k{x)h'' + m}e-^^^(^)=0 

(5.47) 

which imply 



Ao{x)mx) - ^{i,\x)i^{x)) = -j-d . A{x) - ^ii^^x^x)) 
^ ^Vo{x)=fj{x) 



SO that the physical equations of motion, also deducible from the Hamilton equations 
associated with Eqs.(5-37), are (the difference between ip and ip is here irrelevant) 



UA\{x)^ - eip^{x)j"Y^ix) + ed°^[ip\x)ip{x)] = 
= -ej d^y{5'ix-y)^\y,x-)a'xl,iy,x°)- 

- c\x - y)i,^{y, x"){d + ?) • ail^iy, x")} 

ido^{x)=[a ■ {id + eA^{x)) + (3m+ —{'^\x)'^{x))\ip{x) 
< 9 



(5.49) 



ido'^'^ ix^='^'^ {xy^d — eAx.{x)) ■ a — f3m — — ('0^(a;)7^(a;))] 
=^ ido[ip\x)'il!{x)\^'il!\x){i d + i d) ■ dip{x) 



To find the associated Lagrangian by means of the inverse Legendre transformation 
we need the first half of the Hamilton equations for H± of Eqs.(5-37): 
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4(x,x'') = [a-(id + eA^(x,x'')) + Pm+^ f (fy '^^^^\'^P'^^'''"h il^(x, x^) 

Att J \x -y\ 



(5.50) 



Having 7r±{x) = —A±{x) and taking into account second class constraints for the 
Dirac fields, see Eqs.(4-18), one gets 



^li^) = l[A\{x)A^ix) -idx Mx))']+ 

+ i,\x){ido-l^ [ d^y ^'^y^^yf^") -a.{id + eMx))- (5.51) 
2 47r J \x-y\ 

- (3m}ij{x) - 9p[^^(x)7^V'(a;)] 
Indeed, from Eqs.(5-30) and (5-48) one has 

J^'^ix) = - A%x)) + A^{x)] - [a X A^{x)f}+ 

+ V»^(a;)[za° - e(?7(a;) - i°(x))]V;(a;) - 7/'^(a;)a • [za + eii(a;)]V»(a;)- 

— 'mijj\x)Pijj{x) — df^[^ijj{x)'y°'y^ijj{x)]^ 

I ^ d ' . ^ 2 (5.52) 

^-{[A^(x) - e-i^Hxmx)] -[dxA^ix)] }+ 

+ il;\x)[id° - —{il;^{x)i{;{x)) - a ■ {id + eA^{x)) - mp]i;{x)- 
-d^['-^P^{x)rrH^)] = Cl{x) 

Let us consider the Abelian version of the energy-momentum tensor and of the 
Poincare generators of Eqs.(4-14) and let us look at their decomposition into Dirac's ob- 

servables and gauge part. By remembering that tt = Tt± — e-^{'ip ip) + ;£f^, by using 
Eqs.(5-8), (5-10), (5-34), (5-42), (5-43), (5-45), and by making integrations by parts, one 
obtains: 
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(5.53) 
where 



H± = J d^xliip {x,x")d ■ dip{x,x") + mtlj {x,x")Pip{x,x") + 

+ eii^ {x, x°)a ■ Ai_ (x, a;°)^(f , x°) + ^ [f^ (x, x") + [Ai_ (x, x°)]] + 

+ ^[l(l\f,x°)l(f,x°))] } 

p| = y ^•x{-^x_{x,x'') ■ a^l±(f,a;°) + [x^x'^W - 'd')^{x,x'')\ 
J| = y" d^x{-e^^\T^^^{x,x°)A\{x,x°)^^x.{x,x'')-x^d^lx.{x,x°)- 

{x,x°){x^d^ -d^x^)i){x,x°)\^ij {x,x°)a'^{x,x°)) 

Ki = [ dW{-[^l(f,x°) + 5^(f,x°)] + ^[V'\f,a;°)a- (za + eli(f,a;°))^'(f,a;°)- 
J 1 2 

~t ^ ^ — ^ — : — ~ ~t 

— ip {x, x°)d ■ {id — eA±{x,x°))ip{x, x°)] + mip {x,x°)ip{x,x°)+ 

+ ^[^{k^,x")i,{x,x")] -e^^{x,x") ■ ^{i,\x,x")i,{x,x"))}-x''Pl 

(5.54) 



Hg 



^G 



= J d^x{-{^Vo{x,x"))t^{x,x") + ^[^t^{x,x")] +Xo{x,x")U''{x,x")} 
= -e'^'' J d^xt^{x,x°)x^d''fi{x,x") 

« 2 

= J d^xx'[^[—t^{x,x°)] - ^V%x,x'')r^{x,x°) + \{x,x°)U%x,x'')] 



X^Pf 



G 

(5.55) 
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d^xi^^ {x, x°)i^{x, x°)dm{x, x°) 
^xi^^ {x, x°)ij{x, x")e'^^x^d''Il°{x, x°) 
•0 {x,x°)a'i^{x,x°)Il°{x,x°)- 

-r±{x,x") + e^{^\x,x°)ij{x, x")))]t^{x, x°)-x°P'gi_ 



We shall study elsewhere the implications of the decomposition (5-54), the terms (5- 
56) mixing constraints and physical degrees of freedom, and the problem of the decoupling 
of the gauge degrees of freedom in the Lienard- Wiechert potential [32] . 



pi _ 

ljr_l_ 


—e 


P — 


—e 
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6. Gribov Ambiguity and the Solution of Gauss' Laws. 

Till now we have treated connections on = P* = (i?^ x {x°}) x G ^ x G or on 
= P = M ^ X G and the associated gauge potentials on or i?^ (or gauge potentials 
and electric fields in the phase space approach) and the group of gauge transformations 
AutyP ~ GauP ~ T{AdP) [P = P^ or P'^] or Q (or Q in phase space) disregarding the 
fact that we have to do with infinite dimensional manifolds. 

Let us define some notations: if P^ = R^ x G and = x G are the trivial 
principal G-bundles, let us call or the respective functional spaces of connections 
(of connections 1-forms o;"^; sec Appendix B) on P^ or P^ respectively, while let and 
denote the corresponding functional spaces of (^-valued (in the adjoint representation) 
gauge potentials Aaij,{x)dx^T°' or Aa{x^ x°)-dxT°'; C will denote the functional space whose 
elements are the pairs {Aa{x,x°) ■ dxT"-,na{x,x°) ■ dxT'^ — g~'^Ea{x, x°) ■ dxT"-} used in 
the phase space approach (it is the cotangent bundle of C^); {A°{x,x°)T°',7r°{x, x°)T"'} 
form the remaining variables to obtain the full phase space Ct of YM theory once C is 
given {Ct is the cotangent bundle of C^); while AutyP ~ GauP ~ r{AdP) is the group 
of gauge transformations on the principal G-bundle P = P*^ or P"^ acting on and 
respectively, and are the groups of gauge transformations acting on the functional 
spaces and respectively; finally G and G will denote the phase space groups of gauge 
transformations acting on C and Ct respectively (see Section 2 and 3). The associated 
Lie algebras will be denoted autyP ~ gauP ~ V{adP) (P = P^ or P'*), g^"^^^ gg, 
gg. In the case of phase space one has G^ C Goo C Q. In the case of P^, P^ (AP^ 
after the rotation to immaginary time) compactified to S^, S"^ one defines as the 

subgroup of gauge transformations in G^ °^ ^ which leaves the fiber G over a given point of 
P3°^4 g^gj [induced by the group (AutyP)^ ~ T{AdP)^ ~ GauP^] and usually this point 
is the point at infinity which compactifies p3or-4 ^3 or 4. jj^g^g^j ^j^g group of gauge 
transformations module its center Zg ~ Zq is denoted ^3 or 4 _ ^3 or 4^^^ ^3 or 4 
has r{AdP) = r(A(iP)/Zr(yidp) and GauP — GauP/Zc] and analogously in phase space 
one defines Q. 

C^ and C^ are affine spaces [21b, c]; fixed an origin Ao G (j4or3^ j ^ "background 
connection", one has C^orS ^ _f. ^ | ^ ^ (^oo ^^i^p4 or ^ adP)}, i.e. they become 
vector spaces isomorphic to C°°(A^(P'^°^^) (E) adP), the smooth equivariant (/-valued 1- 
forms on P^ ^ (A^ (P) denotes the Grassmann algebra of 1-forms on P) . is an infinite 

dimensional Riemannian manifold with the tangent space at the background connection 
T^^C^or3 identified with C°°{A^{P^°''^) ^ g). In every connection in C^^^^ 

described by the system of gauge potentials (the gauge orbit of the given connection) 
associated with the smooth (global in our case) cross sections from [R^] to P^ (P^); 
the (/-valued gauge potentials are elements of C°°(A^(M) ® (/), M = or P^, once a 
background gauge potential has been fixed. The (weak) Riemannian structure on C^°'^^ 
is induced from the one in C^o'^S; if ^ = a*u^'>^~^ = Ao + A, A e C°^{K^{M) © g), and 

a! = a*u!'^°'^°' = Ao + a' , the inner product inducing a (weak) Riemannian metric is 
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< Jl, Jl' >= Jj^{A-, A*A')g. Here * is the Hodge star operation needed to construct 
the volume form on M = or i?^; (-jOg ^^e Kilhng-Cartan form on g; ■ denotes 
the Riemannian metric on TM {i]^,^ for M^; d^^ for i?"^); the integration over M requires 
suitable boundary conditions [they usually imply the possibility to compactify either 
(M^ after the rotation to immaginary time) to S"^ as in the Euclidean theory or of 
to S^]. Let us remark that compactness of M, besides its relevance for instantons when 
M = 5^, is a form of "volume cutoff'. 

With regard to the gauge transformations on the principal G-bundles, it is convenient 
to use the formulation with r{AdP), P — oi P^, i.e. the space of cross sections 
of the associated bundle AdP = PxgG, which acts on C = C^ors^ ^ ^ T{AdP) C. 
To introduce suitable function space topologies one completes the space of smooth cross 
sections to a Hilbert space T'^'^^^{AdP) in some Sobolev norm ||.||2 ^ with s > ^dimM 

[21b,c] (s > 2 in M^, s > 3/2 in R^) acting on a Sobolev space C^'* of connections; this 
condition is also necessary to have the possibility to define gauge-fixings selecting only 
one point from each gauge orbit in C^°^^ [65a]: without it any functional hypersurface 
in C^ors -^ouid be intersected by any gauge orbit in a dense set of points, while with 
s > ^dimM one at most has the well known Gribov ambiguity, which, however, may be 
absent in suitable functional spaces as we shall see. In this way one can show [21b, c] that 
the group of gauge transformations Q becomes an cxD-dimensional Hilbert-Lie group Q^'^^^ 
(^^2,s+i phase space) [66] with a well defined action on the space C^'® of gauge potentials 
(Eqs.(2-1) show that gauge transformations need one extra order of differentiation that 
the gauge potentials). 

Let us now give a classification of the types of connections ([21a]; see [67] for more 
details; it does not seem that there is a final universally accepted classification in the 
literature); we shall use a rough classification by putting all connections in three classes. 
However, before that, let us define two important stability subgroups of gauge transfor- 
mations connected with the realization with gauge potentials A e C of a given connection 
AeC: 

1) "Stability subgroup or gauge symmetries of a connection" [68b, 67]. It is the subgroup 
Q-^ of Q'^'^ which leaves fixed a given gauge potential associated with the given connection 
A: 

A^ = A + U-'^D^^^U = A. (6.1) 

Therefore a gauge transformation U belongs to Q"^ if and only if it is covariantly constant 
with respect to A, i.e. D^^^U = 0; for a generic connection with our kind of structure 
group G (7ri(G') = so that Zg is discrete and Zg = 0), the only solutions of these 
equations are constant gauge transformations belonging to the center of the gauge group 
(isomorphic to the discrete Zq in our case), which, for such connections, is also isomorphic 
to Z^A (the center of the holonomy group of the connection, which is isomorphic to 
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a subgroup of Zq)'- U E Zg Zq ~ Z^a\ in these cases one speaks of trivial stability- 
subgroup Q'^ = Z^A = Zq. However, there can exist special connections (it depends on 
the chosen functional space; with the Sobolev space C^'* = W'^'^{M, R) they can exist) for 
which D Zq — Zi^A strictly and it can be shown [67] that in this case Q"^ is equal to 
the centralizer in G of the holonomy group, Q-^ = — {a e G\ab = ba for each b e 

$^}, i.e. 

g^ = {u e g^^' I D^^'^U = 0} = Zg{^^) dZg^ Z^a. (6.2) 

The Lie algebra of g-^ will be denoted g-^ and one has ~ G if and only if C Zq 
(i.e. the connection is invariant under the rigid internal action of G, as said in Section 
3). When a connection admits gauge symmetries, it has been shown [68] that the space of 
solutions of YM equations is not a manifold, but there are conical singularities ("cone over 
cone" structure) in correspondence of solutions associated with these special connections 
(these singularities appear as spurious solutions of the Jacobi equations associated with 
YM equations); these conical singularities are therefore also present in the YM constraint 
hypersurface in phase space, which contains the solutions to YM equations. Since g-^ = 
Zoi^"^), it follows that the corresponding stability subgroup T-^{AdP) is defined by the 
condition that 7 G T-^{AdP) if and only if [7, b] = for all b e To get the result that 
only conical singularities are present it is needed the theory of the momentum map [69] 
extended to the second Noether theorem [68a,b7]. 

2) "Stability subgroup of the curvature of a connection" [70 and references therein]. It is 

the subgroup g^ of g"^'^ which leaves fixed the field strength derived from a gauge potential 
associated with a given connection A with curvature Q, i.e. such that 

= F + U-^[F, U] = F; (6.3) 

clearly one has g^ D g-^. For a generic connection one has g^ = g-^ = Z^a = Zq- 
But there are special connections (without or with gauge symmetries) for which g^ D 
g-^ 5 Zg = Z^A\ in these cases one has the problem of "gauge copies" [70a]: there exist 
different gauge potentials giving rise to the same field strength F. Only when the 
structure group G is simply connected {t;\{G) = 0, so that Zq is discrete), like in our case, 
all these gauge potentials lie on the same gauge orbit, i.e. = + U-^D(^U)^Uij- 
when 7ri(G) 7^ 0, there exist gauge not equivalent families of ^(i)'s in connection with the 
homotopically not equivalent families of paths in the group manifold of G (the gauge orbit 
of a given connection has disjoined components related to this fact). For these connections 
one has 



g^ = {Ue g^'' I [F, U] = 0}Dg^ = Zg{^^) 2Zg2 Z^a. (6.4) 
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Its Lie algebra will be denoted g^. 

We can now divide the connections on a connected, simply connected principal G- 
bundle P (like in our case with 7ri(G) = 7ri(M) = 0) in the following three classes ($"^ is 
the holonomy group of the connection, whose Lie algebra is denoted q^a): 

i) "Fully irreducible connections, Cfir-, A & Cfir\ In this case one has 

$^ = G, g^A=g, P^ = P, 

g^ = g^ = Zg{^^) = Zg = z^a 

and there are neither gauge copies nor gauge symmetries; here P-^ is the holonomy bundle, 
i.e. the set of points of P connected by parallel transport [24a] . 

ii) "Irreducible connections, A G Cir, A G Cir" ■ In this case the holonomy group is an 
irreducible matrix subgroup [21a] of the structure group G (more in general [67] is a 
"not closed" subgroup of G, so that the holonomy bundle is immersed, but not embedded 
in P; we include in this class also the "weakly irreducible connections" in Cyjir for which 
one has C G but = G, where the bar means set closure: in general, one has 

Q Cgen Q C, where Cgen means only the condition Zg:($"^) = Zq), 
C G. In this case there are gauge copies (but not gauge symmetries), and one can 
show [70a,71] that there exists a basis of the Lie algebra ^ of G such that one has the 
vector space sum 

9 = 9<i>-A+ 9^^ (6.6) 

and that one has 

g^og^ = Zg{^^) = z^A = Zg. (6.7) 

Let us remark that if P is a nontrivial SU(2) bundle over M and if for the integer- valued 
second cohomology group one has H'^{M, Z) — 0, then C^r — C. 

iii) "Reducible connections, A G Cred, A G Cred"- In this case the connection ^ on P is 
reducible to a connection on a subbundle Q of P with structure group Zg{^^) and one 
has (® means direct sum of Lie algebras): 



g^^g^ = Zg{^^) ^Zg = z^a, 
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where Zg(g^A) = {t & g \ adtv = [t, v] = for each v e q^a} is the centrahzer in g of g^A. 
In this case one has both gauge copies and gauge symmetries. A "reducible" connection A 
would split the associated vector bundle E to P with standard fiber a representation space 
of G into a direct sum of two line bundles trivial over M. 

In Refs.[211,a,b,c] it has been shown that there are three well defined actions, two 
of which are free actions, of the group of gauge transformations or of some of its subgroups 
(these results are valid for G=SU(n) and M = 5*"^°^^; instead of stating the results for C 
and AutyP ~ r{AdP) ~ GauP [valid even when P is non-trivial], we shall use C and Q 
with both only locally defined when P is non-trivial): 

i) C2'^ X ^2,s+l ^^2,s. 

n) X ^ (free action); 

in) Cj" X ^2,^+1 ^ (free action); 

where C^f is the space of gauge potentials associated with irreducible connections. One 
has 



g2,s+l ^ g2,s + l ^ g2,s+l ^q_q^ 

One can define three different orbit spaces: 



with Q'^'^'^^ not acting freely on C^'^ due to the nontriviality of the stability group Q-^ = 
Z(3($"^) for reducible connections. The C°° topology of the orbit space A/"^'** is the topology 
discussed in Refs.[72a,b] in connection with the group of diffeomorphisms Diff(M). In 
short, the topology of jV is determined by the local "slices" 5^ — {A + A \ A e C^'®, A e 
C°°{A^{M) g), D'^^^A = -D'^^^A = 0}, which are "generalized local Coulomb gauges" 
(for A = one gets the standard Coulomb gauge d ■ A = 0); since is orthogonal 
(with respect to the Riemannian metric) to the gauge orbit 0_a through A, S_a does not 
intersect near A except at A; M"^'^ is a metrizable Hausdorff space, 
is not a principal bundle. If a continuous gauge s : M^'^ — > C^'* were to exist, then 
s\j^2,s : Uf;^ Cf;^ would give a cross section of the principal bundle Cj*(A/^^/, ^^'*+^) 

ir 

[see iii) later on]. In Refs.[21a,l] it has been shown that no continuous gauge (i.e. global 
cross section) s : J\f^'^ C^'* exists for M = S'^ or ; therefore there is the Gribov 
ambiguity [73,30]. 
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where C 0^'^+'^ is the sub group of gauge transformations which leaves fixed the 

fiber over a point Xq G M (usually oo in or R^; this is the case for ^^^"'"^ with the 
boundary conditions of Eqs.(2-40) in the Hamiltonian formalism), i.e. U{Xo) = G*'^^^ 
acts freely and properly on C^'^ (i.e. without fixed points), which turns out to be a principal 
fiber bundle C^'^iAf^'' ,0^''+^) over jV* with structure group G*^ , which differs from 
^2,s+i ^Qj. action of the compact group G: Q'^'^'^^ /Q^'^~^^ — G. The Lie algebra of 
Q1'^^^ consists of elements of gg^^^ which vanish at Xq- In Refs.[21a,l] it is shown that 
the principal bundle C^'''(A/?''^, ^*'^^^) is not trivial, so that it has no global cross sections; 
again we get the Gribov ambiguity. 

iii)</=Cj;7^2,.+l^_;y^2,s^ 

where Q'^'^'^^ = Q'^'^^^ / Zq acts freely and properly on Cf^^ ^ which therefore is a principal 
bundle over Mf^^ with structure group ^^''^+^. Q1'^^^ is a normal subgroup of Q"^'^^^ , 
but the principal bundle Cf;"(A/;^/, ^2,s+i) "cannot be reduced" to C2'^(A/?'^ GI''^^). The 
C°° topology of the orbit space A/^^'* is the topology discussed in Ref.[71a,b; 21a,b,c]. 
A^^'* is an infinite dimensional C°° Riemannian manifold, whose tangent space at Oai^ 
is isomorphic to the slice 5^,,^= {Aij. + A\Air G CJ^ A e C°°(Ai(M) ® g), = 
0}; the inner product is /^^ {Ai A *A2)g. The tangent space at the gauge orbit OAi^ at 
Air is {D^^^^-^A' I A' e C°°(A°(M) (g) g)} and it is orthogonal to the shce Sa,^- /m(^/\ 
:i:D^^'-^A')g = {D^^'->Ah*X)g = by definition of 5^,^. In Ref.[21c] it is shown 
that Ut;" is a Hilbert manifold [i.e. it is a manifold whose structure is given by a system 
of neighbourhoods covering A/^^'^, homeomorphic to open sets in a Hilbert space (model 
space); the Hilbert space is n'^^\K^{M)®g), the kernel oi D^^> in T'^^^{K^{M)®g); a slice 
SAir- is one of its open sets]. One has that C^f is an "open dense" set with trivial homotopy 
groups [nj iCf;') = 0] in C^'^ and N-;' is an "open dense" set in A/"^'*. The complement 
of M^r^ in A/"^'*, the "gauge orbits of reducible potentials", is a "stratified closed, nowhere 
dense variety"; therefore, since the action of ^^'^"'"^ on C^'* is not free, N"^'^ is not a 
manifold. Standard methods in elliptic analysis allow us to conclude that there are local 
cross sections, the slices S^ir-, whose C°° topology determines the topology of A^^'*- The 
closed set C = C^'* — C^^^ is a "stratified set", i.e. the union of disjoint submanifolds 
of C^'''. If A G C, one can find an infinite dimensional subspace of the tangent space to 
A in C^'^ "orthogonal to C" at A. As a result there is a neighbourhood V of A in C^'* 
such that TTj{C^'^ - C^'' n C) = 0. The set C is a "bifurcation set" [see Refs.[72] for the 
study of the stratification and of its connection with the existence of the various types of 
stability subgroups Q-^ associated with the gauge symmetries of certain connections and 
Refs. [74,28] for the G-space reinterpretation of the stratification]. Since one can show [21a] 
that 7rj(^2,s+i) _^ Q gQ^g j for M = S^""^^, one has Cf;^ ^ Uf;' x ^^.s+i^ go that the 

principal bundle {■^ir^ ^^'^'^^^) connection, i.e. it is nontrivial and has no 

global cross section and we get the Gribov ambiguity. See Refs.[21a-h] for a discussion of 
the Riemannian geometry of A^^'* in analogy to Eqs(5-29) of the Abelian case. 
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Therefore all three Sobolev spaces ^^'^(AA^,^^ ^2,s+i)^ ^2,3^^2,3 ^g2,s+i^ 
Cj''(A/;^/,^2,s+i) for G=SU(n) and M = 5^«'^3, are not trivial principal bundles (due 
to the non- vanishing higher homotopy groups of QI'^^^ and Q"^'^^"^ respectively), 

do not admit global cross sections [namely global slices or horizontal subspaces (with re- 
spect to a connection on the various bundles C; this is not true in the Abelian case as shown 
by the Coulomb gauge) through a given background gauge potential Aq, which intersect 
the gauge orbit through Aq (orthogonally with respect to the weak Riemannian structure 
on the Cs) and all other gauge orbits only once] and the orbit spaces have nontrivial 
topology. The study of the nontrivial topology of the orbit spaces is at the basis of the 
topological theory of the anomalies, in which one takes into account the global properties 
of the group Q of gauge transformations; instead the algebraic (or BRST) theory takes 
into account the local properties of the algebra gg of Q (with the residual gauge freedom of 
infinitesimal gauge transformations after a BRST gauge-fixing replaced with the degrees 
of freedom of the BRST ghosts [5e]), avoiding the not under control problem to rebuild the 
infinite-dimensional Hilbert-Lie group Q from its Lie algebra gg (see for instance Refs.[75]). 

For M = the same result extends to the three associated phase spaces (see for 
instance Ref. [76]): the three corresponding constraint submanifolds are not trivial principal 
bundles over the associated reduced phase spaces (phase space orbit spaces of Dirac's 
observables) , namely there are no global Dirac's gauge-fixings. 

Moreover, in contrast to the Polyakov string [65b], it is also impossible to make an 
incomplete gauge fixing leaving a compact group of residual gauge transformations due to 
the fact that the homotopy type of the group of gauge transformations is different from 
that of finite dimensional Lie groups [65a] . 

This phenomenon is due to the fact that in ordinary Sobolev spaces VF^'^(M, i?), 
s > ^dimM, M = or M = with the boundary conditions (2-40), there can exist 
connections with non-trivial stability subgroups Q-^ of the gauge potentials (gauge sym- 
metries) and/or of the field strength (gauge copies), creating the stratifications of the 
spaces C^'* (and of their orbit spaces) and T*C^'*. As shown in Refs. [73,30], the gauge 
orbits in these functional spaces have a nontrivial behaviour (complicated by the winding 
number) and intersect many times every hyperplane in C^'^ (or in T*C^'^) supposed to 
correspond to a gauge-fixing, like d- Aa{x) =0 in the Coulomb gauge, so that one has Gri- 
bov copies. For instance, in the Coulomb gauge hyperplane there is a region F around the 
pure gauge background connection where the determinant of the Faddeev-Popov operator 
(connected with the Poisson brackets of the first-class constraints and of the gauge-fixings) 
is positive. On the boundary F* (the first Gribov horizon) of this so called first Gribov 
region F, the Faddeev-Popov operator develops zero modes; outside F* there are other 
Gribov regions with Gribov copies. As a consequence one cannot invert relevant operators 
like the Faddeev-Popov one and find the associated Green functions [77]. By using more 
sophisticated functional spaces for C in the Euclidean setting (Euclidean torus) and by 
studying the stationarity of a functional F (the Hilbert norm of the gauge transformed 
A^ as a function of U, if the background connection is a pure gauge described by the 
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zero gauge potential) over a gauge orbit in C (in this way one takes into account only the 
stability subgroups Q'^j but not ^^), whose local minima are connected with the Coulomb 
gauge, it is shown in Refs.[78] that F is a bounded convex region, that every gauge orbit 
intersects F, that the gauge orbits of gauge potentials with gauge symmetries (nontrivial 
Q-^) intersect the Gribov horizon F*, but moreover that there can be Gribov copies also 
inside F. It is then shown that the absolute minima of the functional F determine a fun- 
damental modular region A without Gribov copies, which however can be present on the 
boundary A* of A (no way is known to find A*). A* lies inside F*, but may have points of 
contact with F* in correspondence of gauge potentials with gauge symmetries (nontrivial 
Q-^). In Ref.[79] it is argued that Gribov copies are present in the part of A* not in contact 
with F* and that the nontrivial homotopy properties of the gauge group and of the orbit 
spaces [21a] can be rediscovered by identifying all the sets of points on A* which are Gribov 

— * 

copies of each other. It is plausible, even if not proved, that the gauge potentials Aa inside 
each set of Gribov copies on A* would correspond to gauge copies on the same gauge orbit 
(7ri(G') = 0) giving the same field strength Ba (nontrivial G^) and also the same electric 
fields (canonical momenta); probably one should reformulate the approach of Ref.[78] for 
the gauge orbits in phase space so to take into account Q-^ and simultaneously (see later 
on); however the situation could be more complicated and the connection, if any, between 
part of the Gribov copies and the gauge copies has still to be clarified (see for instance 
the results in Ref.[80]). Also the general relevance of the Gribov ambiguity for physics, for 
instance for the problem of confinement, is far from clear (see for instance Ref.[81]). In 
any case it is clear that this phenomenon depends on the choice of the functional space C 
of gauge potentials and that, if we could have only fully irreducible connections, Cfir, all 
these problems would disappear. 

Let us analyze in more detail the Coulomb gauge-fixing in YM theory on = 
{R^ X {2;°}) X G with the boundary conditions of Eqs.(2-40)ii) by choosing the flat back- 
ground connection described by the zero gauge potential; the configuration space of gauge 
potentials Aa is C^, while the phase space is T*C — x {A° and 7r° can be ignored in 
this discussion), where £^ is the space of electric fields Tr^ = g~^Ea (they are momenta and 
not field strengths on P*; instead the field strengths are the magnetic fields Ba); is the 
group of fixed time gauge transformations U (s, x°) (see the discussion in Sections 2 and 
3); is the stability subgroup of Aa{x, x") G (gauge symmetries of Aa); the stability 
group of the YM theory on defined by [C/, F] = 0, i.e. [[/, E] = [U, B] = 0, gives rise 
to a simultaneous stability subgroup C of the momenta tTo and of the field strengths 
Ba of the YM theory on P*. On P* a priori one could define two independent stability 
subgroups: i) D Q^, Q^^ C of the momenta = g~^Ea defined by [U, Ea] = 0; 
u) D Q^, Q^^ C g^, of the P* field strengths Ba (only it would be responsible of the 
gauge copies in the P* YM theory); and one has fl g^^ = g^. However, due to the 
implementation of the Poincare group, as already said, we look at the P* YM theory as a 
time slice of the P"^ = M"^ x G YM theory, in which , however, no hypothesis is done on 
the time asymptotism of both connections and gauge transformations. Therefore, we shall 
consider only Q^. Now, while Q-^ is the stability subgroup of a point Aa E C^, (^"^j^^) 
is the stability subgroup of a point {Aa,7fa) G T*C^ = x Therefore like the various 
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possible types of subgroups Q-^ generate the stratification of (and of its reduced orbit 
space) [72,74,28], so the various possible types of subgroups will generate a stratifica- 
tion of S^, so that T*C'^ = C'^ x will have a double stratification structure a priori, of 
which there is no trace in the literature; therefore, a priori one expects a doubling of the 
Gribov ambiguity in phase space in the sense of Ref.[21a] ( the constraint set, supposed 
to be a submanifold of T*C^, will be a nontrivial bundle on the reduced phase space of 
Dirac's observables) ; however, since is also the stability subgroup of the field strength 
Ba and since, as we shall see, it too is responsible of the Gribov ambiguity, it is better 
to speak only of a generalized Gribov ambiguity (it would be needed a re-examination of 
the problem, in particular of the stratification aspects both from the differential geometry 
and functional analysis points of view). When the chosen functional space is such that 
Q-^ = Zg one has = Cf^., but if D Zq one has ^ Sf^ {£f^ denotes the space 
of electric fields with trivial ^"), so that T*C% = x £^ ^ {T*C^)i^ = C^. x £,^; only 
when fully irreducible connections alone , for which Q^^ — Q-^ — Zq^ are allowed, one has 
£^ = £l and then = and T*C%^ = x £l. 

For a given A{x,x°) = Aa{x,x°)T^ one has the Coulomb gauge condition 

d-Aa{x,X°) = 0, ^Aa{x,x'')=Aa±{x,x"). (6.10) 

Gribov copies will exist if there exist gauge transformations U{x,x°) such that the trans- 
formed gauge potential A^j_ is still transverse 



A^{x,x'') = A±{x,x'') + U-\x,x")D U{x,x'') 

(6.11) 

d-A^{x,x") ^d-[U-\x,x")D U{x,x")] = 0; 



if C/ = e", this last equation becomes 

d-A^{x,x°) = U-\x,x°)[K{Ai_)a{x,x'')]U{x,x°) = (6.12) 
where K(.) denotes the Faddeev- Popov operator 



K{A) ^-d-D = A 1 + [{A^ -d + d- A^}T\ .] 
K{A^) = -d-D = A 1 + [Aai_ ■ dT\ .] 
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When the eUiptic operator K has zero modes (their existence depends on the chosen func- 
tional space), in particular when K{Aj_)a = 0, then one has Gribov copies. 

If we go back to the global form (6-11) of this equation (whose solutions do not imply 
a priori the vanishing of the Faddeev-Popov determinant and, therefore, can give origin to 
Gribov copies not on the Gribov horizons), we immediately see: 

i) every connection on x G with a nontrivial stability subgroup Q-^ D Zq, has Gribov 

copies associated with the gauge symmetries U solutions of D U {x, x°) = since for 
these U's one has d ■ Aj_ = 0; 

ii) for every connection on i?^ x G with a nontrivial stability subgroup D Zq for its field 
strength Ba, the gauge transformations U E are solutions of the equation [U, B] — 0; by 

using the Bianchi identity D ■ B = 0, the defining equation [U, B] = can be rewritten 

as [U~^D U, - B] = where U~^D U is an element ?^(x, x°; A) of the Lie algebra 
of valued in the space of functions g{x,x°) on i?^; therefore any such element of 
which, for Aa = Aa±, is a transverse function on i?^, i.e. d ■ ^{x,x°;A±) = 0, gives a 
Gribov copy being a solution of Eq.(6-ll). 

Therefore on = x G with the boundary conditions (2-40)ii) we expect to have: 

i) Let A e C^jj., namely Aa E C^^^. is the gauge potential of a fully irreducible connection 

so that its stability subgroup Q-^ and the stability subgroup of its field strength B are 
trivial: = G"^ = Zq (neither gauge copies nor gauge symmetries). Then its gauge orbit 
Oa intersects the transverse functional hyperplane d ■ Aa = only once so that on the 
gauge orbit there is only one transverse gauge potential Aa± for the given connection and 
there are no Gribov copies. 

ii) Let A e Cf^,, namely Aa G Cf^ is the gauge potential of an irreducible connection with 
gauge copies but no nontrivial gauge symmetry: D Q-^ = Zq. In this case the gauge 
orbit has as many intersections with the transverse hyperplane as gauge copies of the 
given gauge potential and some of these Gribov copies can be inside the Gribov horizon 
r*; inside it, without points of contact, there is the fundamental modular region A and 
on its boundary A* there are sets of points which are gauge copies connected by gauge 
transformations induced by those \J G Q^^ D Zq which are not solutions of Eq. (6-11); these 
U's should also be responsible for the Gribov copies which lie in between the boundary A* 
of the fundamental region and the Gribov horizon F*, even if we do not have an explicit 
demonstration, and of the Gribov copies on A* (see however Ref.[80]). 

iii) Let A G C^ed' namely Aa G C^g^ is the gauge potential of a reducible connection with 
both gauge copies and gauge symmetries: D Q'^ D Zq. In this case we have all 
the possible Gribov copies, the Gribov horizon F* has points connected with the gauge 
symmetries and points connected with the gauge copies for those U G Q^^ giving solutions 
of Eq.(6-ll), the fundamental modular region boundary A* has points of tangency with the 
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Gribov horizon fl* in connection with the gauge symmetries U e Q and on the remaining 
part of the boundary A* there are Gribov copies in the sense of gauge copies induced by 
those U e not giving solutions of Eq.(6-ll) as in ii). 



The conclusion is that one has to look for more sophisticated functional spaces than 
the Sobolcv spaces, to see whether Gribov copies and Gribov horizon can be avoided, so 
that the whole space is the fundamental modular region. In Ref . [20] it is assumed that the 
gauge potentials and the electric field strengths belong to the following weighted Sobolev 
spaces (see Ref. [82]) 



s — 

3 



p>3, s>3, 0<5<1- 

P 



In this space one has the asymptotic behaviours 

Aaix, 7r«(f , a;°) ^,^oo Oir-^/^+') (6.15) 



so that both of them are square integrable. In this way one has that all the Poincare 
generators (2-21) are convergent well defined real valued functions on J'*c3;p,s-i,5+i 
that the non-Abelian charges are convergent on the constraint subset of t*C^'P'^~^'^~^^ 
defined by ra{x,x°) ~ 0. Let us remark that in the YM theory on P"^ = x G, one 
should take also tt = g~^E belonging to the same space as B (for instance this is done in 
the first half of Ref. [20] when discussing Gribov ambiguity); here, due to the absence of 
requirements on time asymptotism, there is a difference between and \Jj;o (R^ x {x°}) x G. 

Eqs.(6-14) are a weakening of Eqs.(2-40)ii), which, however, have to be mantained 
with e = if one wishes to have neither exploding nor vanishing non-Abelian charges. 
Consistency requires a group ^3;p,s,<5 gauge transformations acting on this space of gauge 
potentials, but to get Eqs.(3-18) and (3-19) and in particular = Q^°^^^ (absence of 
non-rigid improper gauge transformations) one needs to restrict strongly ^3;p,s,5 (^^j^ose 
strongest allowed behaviour is r~^^^^^) to a subgroup Q whose Hilbert-Lie algebra gg 
contains only functions such that aa{x, x") ~ r~^^^'^~^^^ or r~^^~^^\ If this restriction can be 
defined in a consistent way, then the conclusions of Section 3 can be made rigorous and the 
constraint (presymplectic) submanifold 7 in phase space would become 7 = 7^ x Q^^^\ 
where 7i? is the reduced phase space (Hamiltonian orbit space): 7 would be a trivial 
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principal bundle and 7^ would still contain the structures connected with the winding 
number n E Z, with the non-Abelian charges and with the center Zq- 

For every Aa G C '^''^ '-,0+'-^ ^j^g covariant derivative define the map D : W^'^' 

R) wP'^-^'^+^{R^, R), whose formal adjoint is L> = -D , so that one has 

Fa = —Dg^ij ■ TTt, — -D(j6 • TTfo ~ 0. Then following the method used in general relativity 
[83], one can think to a decomposition in a covariantly transverse part plus the covariant 
derivative of something 



TTa{x,X°) = Tfa,D±ix,X°) + D^f, (j)b{x,X°) 



Dab • ^h,D± {X, X°) = -i^afe " ^b,D± (x, X°) = 0. 



- (A)* - (A)* - (A) 



(6.16) 



In Ref.[20] it is shown that 



^(A)* ^(A) ^(A) ^(A) 

A(^) = -D D =D D : W^^^^^R^, R) ^ ■h/p.«-2>'5+2(^^3^ (^g j^^ 



is an isomorphism; namely it is a second order elliptic operator, which is a continuous 
map with closed range and a priori a finite dimensional kernel; than it is shown that 

ker/SS > = by showing that the equation D^j, 4'b{x-, x°) = has only the solution 0a = 
so that A^"^^ is an isomorphism; this also shows that in these functional spaces there are 
no gauge symmetries for the gauge potentials in (J3;p,s-i,(5+i j-^j^^ generators U of the gauge 
symmetries cannot vanish asymptotically and thus cannot belong to i?)]: i.e. 

C^e/~'^'^'^^ = 0, = and there is no stratification due to the G^'s. 

Therefore one obtains 
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(t>a{x,X°) = 



(6.18) 



where 



rif'\x,x") = 6^^6ab - [^i?^-r^ D^b^'m^n (6-19) 

is a globally defined projection operator onto the covariantly constant transverse space for 
each Aa G C^^P'^-^'-^+i. 

In Ref.[20] it is also shown that the constraint subset of T*C3;p.«-i.'5+i ^ c3;p,8-i,5+i ^ 
g3;p,s-i,s+i determined by the first class constraints is a submanifold of 

rp*Q3;p,s-i,5+i_ If one could show that S^'P''-^'^+^ = £f^''~^'^+\ i.e. ^ = Zq 
for all connections, then one would be sure that c3;P'S-i,(5+i _ C^'Pj^~^'^~^^: no Gribov 
ambiguity would be present, C^'^''^~^'^~^^ would be a trivial principal bundle over the re- 
duced orbit space (with structure group g^°^^^ C g^"''^'^'^) and the constraint submanifold 
r„ ^ of T*Cff/-^'^+^ = Cff;'-^'^+^ X sf;P''-^'^+^ a trivial principal bundle over the 

reduced phase space of Dirac's observables (with structure group C g^"'P'''^). 

For YM theory in Minkowski space-time the existence and uniqueness theorems were 
obtained in Refs.[84a,b,c]: for Cauchy data (^(x, 0), 7r(x, o)) in the Sobolev space T*C = 
C X S = W'^'''{R^, R) X VF^'*~^(i?^, i?), s > 2, which satisfy the constraint equations 
FaiXjO) — 0, there exists a global solution {A{x,x°),n{x,x")) of YM equations. On 
the other hand the regularity of the constraint set (i.e. its being a submanifold of the 
phase space and the absence of connections with gauge symmetries), were just shown 
to hold in the previous weighted Sobolev spaces [20]. In Ref.[84d] the regularity of the 
constraint set is proved in W^'^{R^,R) x W^^'^(i?^, i?), for which one already has the 
existence and uniqueness theorem; again connections with gauge symmetries are excluded 
(an U which is a gauge symmetry cannot approach the boundary limits so quickly; since the 
number of independent gauge symmetries is equal to the number of zero eigenvalues of the 

.J A) 

elliptic operator D [D ^ = 0], on the compactification S of R it would also be the 
topological charge (due to the index theorem), which vanishes since all principal bundles 
over are trivial; this result extends to R^ with suitable boundary conditions like Eqs.(2- 
40)); it is however noted that the assumption of square integrability is violated in the 
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presence of symmetry breaking and there, maybe, the connections with gauge symmetries 
could play some role. Let us remark that the boundary conditions for these existence and 
uniqueness theorems exclude configurations containing Coulomb charges (~ and also 

dipole type waves; see Ref.[84e] for more recent developments. 

After the previous results let us try to solve Gauss' law 1st class constraints 

Ta{x,x°) ^ of Eqs.(2-28); to this end we need a Green function (^f\x,y;x°) for the 
covariant divergence: 



Dab i^, • Cl''^ {X, y; X") = d- Cif ) (X, X°) + CadbM^. X") ■ if y; (6.20) 

= -SacS^{x-y) 



If we consider the path-dependent or Wu-Yang nonintegrable phase [22,23f] joining 
the point y E to the point x E along the segment of straight-line (the geodesic 
joining x to y), we have the following solution of the previous equation: 



Cl? y; = B{x - y-)Cif ) (f , y; x'^) 



where c{x — y) is the Green function of the ordinary divergence in the Abelian case, given 
by Eqs.(5-5) and satisfying dx ■ c{x — y) — —d^{x — y); in the Abelian limit, Cabc — 0, one 

has ^^\x,y; x°) = SabS^{x — y). The key point is that the operator c{x — y) ■ dx is the 
directional derivative along the straight-line joining y and x. Therefore the solution of the 

equations Va(x,x°) = — -0^5 {x,x°) ■ 7ft,{x,x°) is 



<(f,x°) = <^^(f,x°)+ / d'yCif\x,y;x'^)r,{y,x') 



Dab (X, X") ■ 7Tb,D±{x, X°) = 0. 



(6.22) 



The definition of the path-dependent phase along a path 7 in the case M = R^ 
(7 : [0, 1] ^R\s^ 7(s)) is 
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n=0^0 ^0 ^0 



where P denotes path ordering. The transformation properties of ^(7, A) under a gauge 
transformation U {x, x°) is 



V{r,A) ^ y(7,^^) = [/(7(l),x°)F(7,i:)t/-'(7(0),x''). (6.24) 

This imphes that, under infinitesimal gauge transformations U = 1 + aaT"', C^^^Hx^y^x") 
transforms as 



Clf {x, y; x°) ^ [(1 + au{x, x')f^)C^^^ (f , y; a;°)(l - a,(y, x°)T-)] 



ah 



+ K(f,x°)f"C^^^H^,y1^°)]a6 - [au{y.x")C^^\x,y-x")f^U = 
= Cif(f,y;a;°) + 

+ y" d^zau{z,x°)[5\x-^CuacCii\^^y-^^")-Cii\x,^ 
= Cif\x,y;x'') + j d^za^{z,x'^){Cit\x,y;x%Tu{z,x'^)}, 

(6.25) 

where in the last line we have introduced the phase space generator of the gauge transfor- 
mation; by comparison we get the following action of Gauss' law constraints on the bilocal 
Green function 



{Cif(f,y;x"),r„(£,x«)}= ^^^^^ 
= 6\x - ^Cua4t\z, y; - CiiHx, z; x-)cuabS\z- y). 



Since Eq.(6-16) implies 
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\ (6.27) 



then by using Eqs.(2-29) one gets that TTa,D±{,x,x°) behaves as a tensor hke TTa{x^x°): 



{<,^^(f,a;°),r5(y,x°)} = -c„e6<D±(^, ^°)'^'(^ - y)- (6-28) 



Since the path-dependent phase performs the parallel transport of geometrical objects 
belonging to representations of G, along a curve 7 in M = i?^, associated with the gauge 
potential A e (;j3;p.s-i.'5+i^ its ^-horizontal lift to = R^xG is the parallel transporter on 
P along an ^-horizontal lift 7^(s) [starting at any point Po G 7r~^(7(0)) C P* of the fiber 
over 7(0)] of 7(s) associated with the connection 1-form uj-^ describing the given connection 
A G c3;P'S-i'<5+i; if the parallel transporter on M is globally defined for any pair of points in 
M, then the parallel transporter in P* will be globally defined on P*, and this can happen 
only if all the points of P* can be connected by parallel transport; but this implies that 
the holonomy bundle of the connection coincides with P*, P-^ = P*, and this may happen 
only is the connection is completely irreducible, A G C^'^'^~^'^~^^ , i.e. = G. Therefore 

the global existence of the Green function (^^^ {x, y; x°) of the covariant divergence, which 
is assured from being the covariant divergence an elliptic operator without zero modes in 
the weighted Sobolev space WP'^~^'^~^^{R^ ^ R) of Ref.[20], is synonimus of the fact that in 
such spaces only fully irreducible connections are present, just those for which the Gribov 
ambiguity is absent so that c3;p,s-i,<5-i-i _ C^'P^'^~^'^'^^ is a trivial principal bundle over the 

orbit space group of gauge transformations QP'^'^. But then, 

for what has been said previously, also £:3;p,s-i,'5+i = sf^'^~^'^^^ since = = Zq 
and there is no Gribov ambiguity. 

We shall now evaluate other Green functions, which will be useful later on. 

First of all let us consider the following operator which coincides with the Faddeev- 
Popov operator on transverse gauge potentials 
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Kai,{A){x, x") = -D {x, x") ■d^ = ~d^-D {x, x") - CaU^x ■ A^{x, x")) 
= K{A) - CabA ■ M^, 
KabiA^Mx") = K{A^){x,x'') 



Kab{A){x,x")5\x-y) = Kab{A){x,y;x°) = -D ix,x")A, ■ -^5\x - y) 



= -D {x,x")A^ ■ c{x - y); 



(6.29) 



its Green function satisfies 



Kab{A){x, x'')G^^l^{x, y; x") = SacS'i^ - v)- 



(6.30) 



The second operator is 



— * — * 

Z(^)(x, x") = / + A{x, x")--^=I + f'^Mx, x°)~= K{A){x, x") — 



Z^J\x,x") = {5abAx + CabcAc{x,x")) ■ 4)"^- = -{^abdx + CacbAc{x , x")) ■ 



(6.31) 



and for its Green function one has 



Z[f{x,x'^)5\x-y) = Zit\x,y;x°) = -D^, {x, x") ■ c{x - y) 



G^^%{x,y;x'^) = {Z-^)^^\x,x'^)5^{x - y) = A^cf jx^y-x'^) 



zlf{x,x°)G'^^%{x,y;x') = -D^, {x,x°)- J d'zc{x - z)G^z%{z,y;x°) = 6acS\x - y) 

(6.32) 
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From Eq.(6-20) we obtain 



^4^),(f,y;a;°) = J c(f - y; = clf (f , y; (6.33) 



Therefore we get the following solutions for the two Green functions 



Gfjx^mx^) = {k-')^,{A){x,x'^)5\x-y) 



(6.34) 



A. 



^ ■ cl^^ (f , m xn = - dh c{x - z) ■ clf (£, m ^") 



Let us remark that from the last equation we obtain the result that the inverse of the 
Faddeev-Popov K{A^){x,x°) exists in these weighted Sobolev space (no zero modes) for 
transverse gauge potentials. 

The next operator is the one of Eq.(6-17) 
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Al^\x,y;x°) = Aii\x,x'^)5Hx-if) 

Aif (f , x^) G%{x, y; x°) = J <fz A[f {x, z; x°) G^f^iz, y; x°) = 

= D^^ (f , x°) ■ [D^, (f , x°) G^^lix, y; x°)] = SacS'ix - y) 

Gf^^Sy^z-x) = I d'xG^ilSy^x-X)A^^\xX)G'^^^^^^^ 

= J d'x [A[f)(f, x")G^fl^{y, x; x°)]G^X(a^, z; x"), 

. (A) (A) 

A(^)(f,x°)Gi^],(y-,f;x°) = I),, (f,a:°) ■ [D^^ (x, x")G^^IM x; x'^)] = 

= 5ah5^{.x-y), 

(6.35) 

which for Ca6c = 

becomes A^^\x°) -A^. By using Eqs.(6-33), (6-34) one obtains 
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- [{Z-'if{x,x'^)d'{x-y)] = -d,{K-'){A)^^{x,x'^)6\x-y) 



4, = -Cl^)(x,y;x'') 



Cgcl^^y;^") = = [A,{K-')^^{A)]ix,x^)S'{x-^ = 

= -[Kab{A){x, x") + Cabvid, ■ Mx, x"))] G^^l^ix, y; x") = 

- KabiA){x, x') G^^,^{x, y; a;°) = 4 • D,, {x, a;°) G^/.^lf , y; = 



and 



[SabHK-'),JA){x, x°)c„5.(4 ■ 0;°))] G^^lix, y: = 



For transverse potentials A = A± [d ■ A±_ = 0), one gets 



-Aif )(f,a;°) = [K{A^)^K{A^)]{x,x'^) (6.38) 

ab 



SO that we get the following solution for the Green function of Eqs. (6-35) in the case of 
transverse potentials 
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= -[{K-'),,{A^)^.{K-X,{A^)]{x,x'^)5\x-y) = 
= -j d'zG^^-2i^,z;x^)Gi^-^{z,y^^ = 

= -Jd'^^Jx- Cii^^ {x, z; x')d, ■ Clf") , y; = 

= - j dh,dh2c{x-z^)-Cii^\z,,Z2;x")d,,-Cij^\z2,y;^ 

Since for transverse potentials A± one has K{A±) = K(A±) and K{A±) = K*(74_j_), 
one also gets 



-/ d'zG'^^-2{z,x;x'^)G'^/-^{z,y;x^ 



(6.40) 



1 7-^4. 

a: 



Since from Eq.(6-20) we have 



• Clb ^(^' = -<^a6(^^(^ - y) - CaucAu{x, x°) ■ {x, y; x°) = 

(6.41) 

= -5„f,53(a^ -y) + {f-),Ju{x, x") ■ cif{x, y; x") 
we obtain the following forms of the three Green functions by using Eqs.(6-21) and (6-35) 

^^a6(^'^"^°) = {K-')a,{A){x,x^)5'{x-y) = 



- J dh [d,c{x - z)] ■ [d,c{z - mif m x") 



G^^%{x,y;x") = {Z-'i^\x,x")5\x - y) 
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(6.42) 



(6.43) 



and, after an integration by parts, we have 



+ 1 d'z,d'z2 c(yi - - ^2)] [diciz2 - m)] 

{A'l{z^, x"))^^C^^-\z^,Z2■, x"){Ai{z2,x"))^^clt^\z2,y2; x") 



where Eq.(6-20) and the following notations are used 



c{x) = y^x) = c{x) = dc{x) (6.45) 



{A{x, x^))^, = A,{x, x^){f^)^, = CabcAaix, x^). (6.46) 
Eq.(6-18) now becomes 



^a{x,x') = - J , 



d^z G^^l,{x, z; x'^)r,{z, x'^) (6.47) 



and the first line of Eqs.(6-16) and Eq.(6-22) agree due to Eqs.(6- 36), i.e. 



M^,x°) = 7fa,D±ix,x°) + J A5f)(f,y;a;°)re(y;x°) = 



= Tfa,D±ix,X°) - D 



ab 



(f , a;°) j , 



d^yG^^l{x,y;x'^)TM^°) 



(6.48) 



Then Eqs.(6-18) agree with Eq.(6-27), so that the projector (6-19) can now be written as 
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= 5'^5a,5\x - ^ + Cif , y; x'^)bf\y, x°) 
J d'yVif'\xJ-,x")b[^^\yX) = / d'xVit^'^xJ^x") = 

j SyVif'\x,f,x")rif'\yJ;x")=rij^^\x,z-x"). 

(6.49) 

This is the form of the projector of Refs.[21a-i] in these functional spaces. 
From Eqs.(6-26) one obtains 

-Di^)'^(i',x°){Cif (f,y;a;°),4(z,a;°)} = 

= 5'^{x- z)cuacCib^ y'^ ~ Cic^ x°)cucbS^iz- y), 

so that , discarding homogeneous solutions, one gets 
{Cif (x,y;x°),4(i',x°)} = 

= I d^wCif\z,W-,X°)[5\x-w)CsacCib\^^y^^ = 

= Cii^ ^ {z, x; x'^)csa4f {x, m x°) - Cii^ ^ {z, y; x'^Xij^ (f , y; x'^)csci>. 

(6.51) 
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7. Coordinatization of the Principal Bundle and Decomposition of the Gauge 
Potential. 



In Section 2 we found that the vector fields on r*c3;p,s-i,i5+i 



Xaix,X-) = -{.,Taix,X°)} = {.,D^, {x, X°) ■ X^)} (7.1) 



satisfy the algebra (see after Eqs.(2-32)) 



[Xa{x,x°),Xb{x,x°)] = S\x-y)CabcXc{x,x'') (7.2) 

Being the infinitesimal generators of the proper gauge transformations , they are the verti- 
cal fundamental vector fields tangent to the gauge orbits (see Appendix B) on the presym- 

plectic submanifold and trivial principal bundle 7 = 7ii x Q^'^'^ , where 7 is the constraint 
submanifold r„(x,x°) ^ in T*cf^P/-^'^+^ = Cf[/-^'^+^ x 8^;"''-^'^+^ (the full phase 
space is j'*Q^'Pj^~^'^+^ with A°{x,x°) and n°{x,x°) ^ taken into account), 7^ is the 
reduced phase space of Dirac's observables, Q^^^ is the suitable restriction of Q^'^'^ to 
have Q^^^ = (the winding number, the non-Abelian charges and the center Zq com- 
ponents, Q /Q'^^^ = G X Z are not considered at this stage). Since the gauge group 
restricted to a gauge orbit through Aa{x,x°) e Cjf/~'^'^^'^ , which is a gauge potential of 
a connection on P* = {R^ x {x°}) x G, is isomorphic to the fiber G(^g^j;o^ ~ G over x at x°, 
then, remembering Eqs.(A-2) of Appendix A on the group manifold of G, one can try to 
introduce for it the following parametrization in a tubolar neighbourhood of the identity 
cross section of P* where canonical coordinates of 1st kind can be safely introduced 



Xa{x,x°) = B,a{v{x,x")) (7.3) 

dr]b{x,x°) 

Here: i) rjaixjX") are coordinates on the group manifold of Q^^^ at fixed x and x°, i.e. 
they are coordinates on the fiber G(^sc,x°) ~ G of P*, which can be considered as the group 

manifold of Q^^^; ii) the matrix B is the solution of Eqs.(A-3) (its inverse A = has 
the form of Eqs.(A-5) if ria{x, x°) are canonical coordinates of 1st kind for a neighbourhood 
of the identity of G(^^^x°) ^ G); iii) the functional derivative 5/6r]b{x^x°) will be defined 
later on as a directional functional derivative along the lines defining generalized canonical 
coordinates of 1st kind on P* (or equivalently pointwise on Q^^^). To check the validity 
of Eqs.(7-3) let us evaluate the commutator (7-2) 
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- Bub{r]{y,x ))- 



5r)u{y:X°) 6r]y{x,x°) 
3.^ .-r^ro ^o,.dBM . (7.4) 



-B .(n(x x"))^^^^\ ^l ^ 



= - y)S^c(^(^,a;''))cca6T — ,^ = S^{x-y)CabcXc{x,x") 

dr]y{x,x°) 



where we used the following generalization of Eqs.(A-3) 



Buaivi^j^ )) a \ \ri=r]{x,x°) By^(,(r](x,X )) \r]=ri{x,x°) — By^irjiyX^X ))Ccab 

(7.5) 

which can be interpreted as the generalized Maurer-Cartan equations on the infinite di- 
mensional group manifold P* of the gauge group G^^^ , holding pointwise on each fiber of 
over X at x° in a suitable tubolar neighbourhood of the identity cross section. 

What is needed at this point is a suitable coordinatization of = {R^ x {x°}) x G 
in a tubolar neighbourhood of the identity cross section, by means of a family, labelled by 
parameters Ao, of global cross sections a^x^y{x,x°) (the time dependence is induced by the 
gauge potentials) , horizontal with respect to a given connection A with connection 1-form 
pt |-ggg Appendix B); in this way we would also get a non-redundant coordinatization 
of the gauge potentials ^i>-a} Aa = cr|^ i"^"^, at least in a neighbourhood of '^^ Aa — a^co"^ 
{a I is the identity cross section) of the corresponding gauge orbit in C^^f^'^~^'^'^^ . 

An insight on how to build such a coordinatization of P* is given by the Green function 

(lf\x,y;x°) of the covariant divergence used to solve Gauss' laws. Since it privileges the 
straight-lines joining pairs of points in the simply connected base manifold (these lines 
are privileged being the geodesies of the flat Riemannian manifold P'^), we can proceed as 
follows. Let us choose as reference point an origin in the afline space P* = P'^ x {x = 

0, x°), so to get a vector space E^; let us join the origin to every other point with straight- 
line segments or geodesies (the vector of applied in the origin). Given a connection 
^ on P*, let us consider the ^-horizontal lifts of all segments through each point of the 
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reference fiber Gg ^ G over the origin. Since our connections are fully irreducible, so 
that all holonomy bundles coincide with P*, and since G is simply connected, we obtain a 
family of ^-horizontal global cross sections a^, parametrized by the elements b G Gq ~ G; 
they form a foliation of the manifold P* adapted to the given connection, whose leaves 
(76 can be parametrized by means of the coordinates in an analytic atlas of the analytic 
manifold Gg ~ G; in this way with each connection 1-form uj-^ is associated a privileged 
set of gauge potentials ^''Aa = cr^uj-^. If one changes the reference point (the origin) in i?^, 
in general the foliation changes even keeping the connection A fixed due to its holonomy 
group (this can be seen by considering the geodesic triangles whose vertices are the old 
origin, the new one and an other arbitrary point) and so also the set of privileged gauge 
potentials changes (they are connected with the previously privileged gauge potentials by 
homotopically trivial gauge transformations); however, the identity cross section belongs 
to all these foliations. 

Let us put canonical coordinates of 1st kind (see Appendix A) in a neighbourhood 
of the identity of the reference fiber Gg = G^(oa;°) ~ ^ denote them as r]a{0) 

[ (0, x°, r]a{0) ) arc the coordinates of the corresponding points in P*]. To define coordinates 
in a neighbourhood of the identity of another fiber G(^^^x°) ~ G over the point (x, x°), we 
use the ^-horizontal lift of the vector x G through the point {0,x°,r]a{0)) in P* 
and the parallel transport along 75 £, realized by means of the right action of G on P*. 

Let p — (0, x°, ijaiO)) be a point of the fiber Go ^ G over at time x° and let cr^riio)} 
be the global cross section through p, ^-horizontal with respect to the given connection 
A\ let '^{')(o)} Aa = o"*^^g^^a;-^ be the associated gauge potential and let q be the point of 

the fiber CT(£,a;°) ~ G over x at x" belonging to the previous global cross section. We 
shall assign to q the coordinates on P* (x, x°, ria{x, x°)) with rja{x, x") defined by parallel 
transport in the following way by means of the Wu-Yang nonintegrable phase of the second 
line of Eqs.(6-21) evaluated along the segment x and depending on the gauge potential 
'^{"(S)} A„: 



r7„(f,a;°) = r/5(0)ci:^^''>^^^(f,0;x°). (7.6) 
For a fiber G(^ax,x°) ~ G infinitesimally near Gg one has (5* = d/dx^) 

7]a{dx, X°) « 7]a{0) + d'Va{0, X°)dx^ ^ 



One sees that the identity cross section aj is ^-horizontal with respect to every con- 
nection A, because one has 
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r/a(0) = riaix,x'') = 0. 



(7.8) 



Moreover aj remains .A-horizontal also varying the reference point (the origin). 

The defining path 7^^g-j (s) of the canonical coordinates of 1st kind on Go (see Appendix 
A) is in this way extended to a path Jn{x,x°){s) = 7(^5 2;°, s) on every fiber G(^,a;°)) ^ind 
7(x, x°, s), as a function of x and s, describes a surface connecting the identity cross section 
for s=0 to the cross section ct^^q) 

If p = x/\x\ is the unit vector in the x direction, one also has 

p • drjaix, X°) = -Cabc'^^^i'^^ M^, ' PVc{x, x°), (7.9) 

and this implies 



p-dr]a{x,x°)^ri^oO for every p 
=^ dr]{x,x°) -^n^o 0. 



The key point of this construction is that these coordinates are such that a vertical 
infinitesimal increment drja\r]=r){x,x°) of them along the path 7^(^,0;°) (s) in the fiber 
is numerically equal to the horizontal infinitesimal increment dr]a{x, x°) ■ dx in going from 
X to X + dx in the base manifold (see Eqs.(B-5) with a{x, x°) = {x, x°; r]a{x, x°)}): 



dr]a\n=r,{x,x'') = (T*{x,x°)dr]a = dr]a{x,x°) = dr]a{x,x°) ■ dx. (7.11) 



This construction holds in a suitable neighbourhood of the identity of Go ~ C such that the 
tubolar neighbourhood of the identity cross section resulting from this parallel transport 
intersects each fiber in a neighbourhood of the identity, which is in the range in which the 
exponential map is a diffeomorphism with a neighbourhood of the origin of the Lie algebra 
g. Then the construction can be extended to the whole P* by using the analytic atlas of 
Go, built by right translations of the chart around the identity with canonical coordinates 
of 1st kind. 

One can now solve the multitemporal equations, i.e. the equations determining the 
infinitesimal gauge transformations, of a generic gauge potential Aa{x, x°) (see Eqs.(2-29)): 
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= D[f\x, x")5\x -y) = [5abdl, - CatcAUx, x'^)]5\x - y), 

where S / Sric{y, x°) is the directional functional derivative along the path Jr){x,x°){s)- 
The solution of Eqs.(7-12) is 



= Aabivix, x")) d'ribix, x") + AIt{x, x"; ri{x, x")), 



with Aa^rix, x°; r]{x, x°)) satisfying (see for instance [85]) the equations 



^^°"^^Q^^ '^\ r,=r,{x,x°) = -CadcAdb{v{x,x°))Ac,T{x,x°;r]{x,x")); (7.14) 

as shown in Appendix B, this is the condition of ^-horizont ability of the curvature 2- form 
ft of the given connection 1-form oj-^ on P*. Indeed by using Eqs.(A-2), (A-3) and (7-14) 
one has 



BMy.x")) ^^J^ [AaM^,^n)divdix,x'') + AlAx,x°;iiix,x°))] = 

= 6abdl5^\x ~ y) + 

dAgdjr]) dAac{r]) 

BMx, x^Wvdix, x°)S^{x - y)- (7-15) 

- CadvAdcivix, x"))Al^j.{x, x"; ri{x, x°))Bcb{r]{y, x")5^{x - y) = 
= 5abd'J^{x -y)- 

- Cabv [Avdivix: x"))d'rid{x, x") + AI^t{x, x°; r]{x, x°))]5^{x - y) = 

= [5abdi - Cabc^c{^:X'')]5'^{x-y). 

Let us define the quantities 
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^aivi^j dr]{x, x°)) = Aab{r]{x, x")) dr]b{x, x") ■ dx = 

= e„(r7(f,a;°),ar/(f,x°)) • dx = (7.16) 

= [^abiv)d'nb]\7]='n{x,x°) = daiv)\v=viS,x'')i 

where Eq.(7-ll) has been used in the last hne; 9a are the Maurer-Cartan 1-forms of G 
(see Eq.(A-2)); are the generahzed Maurer-Cartan 1-forms on the gauge group 
(suitable restriction of G^'^'^ to have = as said in Section 6); the restriction 

of ©a^" to the fiber Go coincides with the canonical 1-form luq of Eq.(A-6). Therefore, the 
first term in Eq.(7-13) represents the gauge potential of a pure gauge (flat) background 
connection, and coincides with the BRST ghost in the interpretation of Ref.[86a,b,c]. Fol- 
lowing Ref.[86c2], let us write the exterior derivative on = X G as dp = d + do 
(where d — dx'^d^ is the exterior derivative in and da = drjad"" the one in G); one has 
d'j, = d^ = dQ = and dda + dad — and one can make the identification da = s, = 0, 
where s is the BRST operator (s is also called the fiber or vertical derivative dy on P*); now 
one has A^{x,x°) = U-^{x,x°)A{x,x°)U{x,x°) + U-^{x,x°)dU{x,x°) {A = f'Aa ■ dx) 
with U : R^ ^ G, so that the gauge transformation U{x, x°) can be thought of as a 
fimction U = U{x, x°; rja) with rja coordinates of a point, determined by a well defined 
functional form of U, on the group manifold G (by varying rja one varies the gauge trans- 
formation); the BRST ghosts can be written as the gr- valued 1-forms Ca components of 
c = Cat" = U-^2sU = U-^2dGU; one has sc = 2{sU-^) A sU = -2{U-'^sU) A {U-'^sU) = 
— ^cAc= — t^jca A = —^Cabct^Ca A Cfe, SO that scc = — \ccahCa A C}, (like the Maurer- 
Cartan equations for 6a in G, Eqs.(A-l)); moreover, since sA{x, x°) = dcA^x^ x°) = 0, one 
has 2s{-A^) = -2s{U-^AU + U'^dU) = dc + cA A^ + A^ Ac = fdca - A^ A Cbit", t^] = 

t"[(ico - CabcA'^ A Cb] = ^ A Cb SO that S^Aa = ^ A Cb] from Eqs.(7-16) one has 

the identification ©at" = U~^sU = |c. 

Therefore, if dy is the fiber or vertical derivative on P*, whose restriction to a fiber 
G coincides with do, from Eqs.(7-ll) and the last line of Eqs.(7-16) one has the abstract 
form of the Maurer-Cartan equations on : 



dvQa = —CabcOb A ©c, (7.17) 

which reproduce Eqs.(B-8) consistently. 

Let us remark that in Ref. [87a] it was proposed to identify the vertical part ujg of the 
connection 1-form u-^ on P*, see Eq.(B-l), with the BRST ghosts c = Cat"; this proposal 
was refused in Refs. [86a,d] due to its lack of dependence on the coordinates of the base 
manifold R^. In Ref. [87b] it was proposed to introduce this dependence in the approach of 
Ref. [87a] by means of the puUback of uj-^ by using a cross section to get a gauge potential 
'^A = a*oj-^; this is just what has been done here: form Eqs.(B-5) and (7-16) one has 
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t^Qa{v{x,x%drj{x,x°)) = t^ea{v)\v=v(s,x'') = ^*^G. (7.18) 

Finally let us note that also in Refs.[88a,b], in the study of BRST cohomology of 
classical mechanical systems with constraints, the Hamiltonian BRST operator has been 
identified with the vertical derivative dy along the gauge orbits inside the constraint sub- 
manifold (the gauge orbits are the vertical fibers in the reduction to the reduced phase space 
of Dirac's observables) ; this vertical derivative is also identified with the Cartan-Chevalley- 
Eilenberg coboundary operator for the vertical Lie algebra cohomology (see Ref . [88c] ) ; dy 
is connected with in the same way that dy = s = do '^s connected with 

Eqs.(7-10), (7-13) and (7-16) imply that the pure gauge connection 1-form u>-^° gives 
rise to the zero flat gauge potential when evaluated on the identity cross section cr/, 



(7.19) 

= T''Aab{v{x,x''))dr]a{x,x") ■ dx|^=o = 0. 



Instead if a{x,x°) — ai{x,x°)U{x,x°) = U{x,x°) is another global cross section obtained 

from (7/ by mea 
gauge potential 



from a I by means of a gauge transformation U G one has for the associated flat 



"A^^^x^x") = a*{x,x")uj^'' = U-^{x,x°)dU{x,x"). (7.20) 

Now /Q'^'^^^ = G X Z] Eqs.(3-18) imply that there are no improper gauge transfor- 
mations in between and = (if a suitable restriction of ^3;p,s,<5 exists) 
with Q^/Q^^^"^ = Z; instead G, with Zq C G, generates only global rigid gauge trans- 
formations. This implies that in the sector with zero winding number, the only gauge 
transformations connecting aj and the global cross sections cr/^ {x, x°) = Im £ Zq are 
global rigid gauge transformations in G = G^/Q^-, so that also the flat gauge potentials 
generated by the cross sections ct/^, I-m € Zq, vanish 

''imA^"\x,x") =a} u-^" ^ I^u-^" = U-^dU = 0, UeG^g^/G^^. (7.21) 



The flat gauge potentials generated by cross sections obtained from aj by means of gauge 
transformations with winding number n, an{x,x") = ai{x, x")Un{x, x°) = Un{x,x"), are 



^A^°\x,x°) = aluj^" = U-\x,x°)dUn{x,x°); (7.22) 
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there is no canonical choice of cr^, but = Q^"^^"^ imphes that there must exist a global 
rigid gauge transformation e Z = Q^/Q^^^^ such that, if crn{x,x°) = ai{x,x°)Uri = 
tin, then 

{x, x") = alu^" = U-^dUn = 0. (7.23) 



Due to Eqs.(A-3) and (7-14) the gauge potential Aa^T{x,x";r]{x,x°)) is the source of 
the field strength Ba of the YM theory on P*: 



F!,\x,x")^-e^^''B'^{x,x") = 

= d'Aiix, x") - d^Al^ix, x°) + CabcAlix, x«)4(f , x") = 
= [d%Ai^^{x,x";fj)-d^r,AlA^,x";r]) + 

~^ d'q ^ dr]^ )l'7=??(x,x°) ^ C.auvAudijl{^T^°)Ave{'n{.^T^"))\ 

9*?7d(x, x°)d^r]e{x, x°)+ 

dAij.{x,x°;rj) (7.24) 
+ [ '-Q^^ U=nix,x°) +CabcAbd{v{x,x°))Al^j.{x,x°;r]{x,x°))] 

d%{x,x°)- 

dAij,(x,x°;rj) ^ o -^i 

~ [ '~~Qri \'n=ri{x,x°) + CabcA-bdivi^j ^°))^c,t('^5 *^°> Vi^j ^°))] 

d^r]d{x,x°) = 

= [d\^^^^{x,x°;r^) - a^|^ii,^(f,a;°;r7)+ 

+ CabcAi^^rp{x, x°] ri)A''^^rp{x, x°\ ry)] [^—^(^ 2.0) + 



Let us remark that with a Coulomb gauge decomposition A^^ = —^d- Aa + {S'^^ + ^^)^^, 

like in the Abelian case, this property is not true ( only in the Abelian case • A] is 

a pure gauge connection). 

To find the transversality properties of the gauge potential Aa^rix, x") = Aa^rix, x°; 
ri{x,x°)) we need a non-Abelian analogue of the Hodge decomposition in the Abelian 
case, where the analogous transverse gauge potential was a coexact 1-form by using the 
codifferential 5 = *d* (valid on 1-forms), = 0, see after Eqs.(5-8). See Ref.[82] for 
the validity of tensor decompositions like the Hodge one in weighted Sobolev spaces (they 
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were just introduced to put under control these decompositions in the case of noncompact 
manifolds). 



Since we have chosen canonical coordinates of 1st kind on the reference fiber Go = 
^(0 each fiber we have identified a definitional privileged path ^r]{x,x°){s) = 

'y{x, x°, s). As shown in Appendix A, on Go it is possible to define a preferred primitive 
<^a'' = ?7(0, s)), given in Eq. (A-7), of the nonintegrable Maurer-Cartan 1-forms 9a, 
such that the exterior derivative do on the group manifold G restricted to = 7^(o)('5), 
(i-y^, satisfies li^^cuZ'' = Oa{ri{s)), Eq.(A-8), and (i^^ = 0, Eqs.(A-9), as a consequence 
of the Maurer-Cartan equations (A-1), (A-3) restricted to 777(5). 

We shall extend this definition to P*, which is the group manifold of due to 

the definition of its pointwise multiplication, by using the vertical derivative (or BRST 
operator) on P* of Eqs.(7-18); we shall denote the restriction of dy to 7(x, x°,s), 
i.e. on each fiber (i^ is the directional derivative along the path Jri{x,x°){^) — j{x,x°,s). 
Then from Eqs.(7-16) one obtains [r){x, x°, s) are the coordinates of the points of the path 

lv{x,x°)is)]- 



/'Tr/(x,x*^ ,s) 

nt{fj{x,x",s))= / Qa 



o , (7.25) 

rV{x,x ,s) V / 

/ Aab{f]{x,x'',s))Vf]b{x,x'',s), 
7(7)0 



with the line path integral, evaluated on the surface j{x, x°, s) in P* joining the identity 
cross section aj and g), denoting a line integral along '^r]{x,x°){s) each fiber. Then 

by definition one has 



nZivix, s)) = Qaivix, a;°, s), drj{x, x°, s)). (7.26) 



In the tubolar neighbourhood of the identity cross section aj one has the following 
realization of d^ on functions of x, r]a{x, x°), dr]a{x, x°) like the functions we are considering 
[the coefficient of dx^ is a suitable extension to the first derivatives of the total derivative 
with respect to a;* of functions of x and rjaixjX")] 
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1 d 

+ -j^CahMhmiriix, X"))d'r]m{x, x")][Acn{v{x, x'')]Bua{v{x, ^")) QQj^ lr?=r?(cc,a;°)} = 
= (ixU — + 

\ ■ -> ■ -> d 

+ -CabcOl{r]{x,x°),dr]{x,x°))Ql{r]{x,x°),dr]{x,x°))Bua{v{x, ^°)) ggj^ \r,=v{S,xo)}, 

(7.27) 

where d/dx^ is the total derivative with respect to x^ on functions only of x and r]a{x,x°). 
d^ satisfies 



4 = (7.28) 

due to the generalized Maurer-Cartan equations (B-8) or (7-17) for Q^^^\ 

By using Eq.(B-9) the generalized canonical 1-form on Q^'^^^ in the adjoint repre- 
sentation of G is 



e(r7(f,x"),ar7(f,x°)) = e,(r7(f,a;«),ar7(f,x°))T« = 

(7.29) 

= Hb{r]{x,x°))drib{x, x°) ■ dx = Hij{'q{x, x°))dr]b\r,=r,ix,x°), 



with the generalized Maurer-Cartan equations assuming the form of the zero curvature 
equations (B-10). 

Analogously one defines 



Q^{r]{x,x",s))^Ql{ri{x,x"))f'' ^ ' ' \b{f]ix,x",s))Vfjb{x,x",s). (7.30) 

J (7)0 



Due to 4 = 0, also the codifferential 5^ = *dj* (on 1-forms) satisfies 5^ = (here * is 

the Hodge star operator on R^, since Aa^rix, x°) • dx is an 1-form on R^). From Eqs.(7-13) 
one has 
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Aa{x, x°) ■ dx = Qaivi^j dr]{x, x°)) + Aa,T{x, x°\ ri{x, x°)) ■ dx = 

= d^ ^Zivix, x°)) + 1„,t(^, //(f , x°)) ■ dx = (7.31) 

= i^^Uvix, X'')) + Ia,T{x, X"- 7^{X, x''))] ■ dx; 



in this equation one has d^ = dx ■ see after Eq.(7-27). 

Assuming the vahdity of the Hodge decomposition theorem for these forms (Ref. [82] 
should be used to check the consistency of this assumption) on the simply connected 
manifold with exterior derivative d-y and co differential 6^ induced by the BRST global 
operator s = on P* = {R^ x {x°}) x G and with the local expression (7-27) in our 
coordinatization, one has 



S^[Aa,T{x, x°; ri{x, x")) ■ dx] = 0, (7.32) 
i.e. these 1-forms are 5^-coexact. This implies the transversality condition 

d ■ Aa,A_{x,x°) = {d\rj + dr]u{x,x°)- — |^=^(^^^o)) ■ Aa,T{x,x°;r]{x,x°)) = 0, (7.33) 
namely by using Eqs.(7-14) and (7-13) 

= d\n ■ AaT — Vu ■ CabcAbuAc,T = d\n ■ AaT — Cabc^b ' Aa,T = /„ „ 

^ -1, . . (7.34) 

= d\rj ■ Aa,T - Cabci&b + ^6,t) • ^c,T = {Sacd\r^ + CacbAb) ■ Ac,T 

which is a kind of covariant divergenceless condition. Let us remark that in Eq.(7-33) we 

have used the notation x, like in the Abelian case, since with this functional form this 
quantity is divergenceless. 

Since 



D^t, {x,x°)-Aa,±{x,x°) 



= CacbQc{v{x,x°),dr]{x,x°)) ■ Ab,±{x,x°) 
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(7.35) 



one can also write a decomposition like Eqs.(6-48) for Aa,±, so that 



Aa{x, x°) ■ dx — d^Q2,iv{^j ^°)) + D±{x, x") ■ dx— 

/• ^ - ' ^ ^ -1. (7-36) 

-dx- I d^yC^'^\x,y;x°)ccuvQuivi^,x6o),dr]{x,x°)) ■ Ay^j_{y,x°) 



with (f , x°) ■ Ai,^D±ix, x°) = 0. 

We see from Eqs.(7-3) and (7-13) that the natural gauge variables associated with the 
proper infinitesimal gauge transformations generated by Gauss' law 1st class constraints 
are the 'r]a{x, x°ys and one obtains 



{ria{x, x°),rb{y, x°)} = -Xb{y, x°)r]a{x, x°) = -Bab{v{x, x°))S^{x - y); (7.37) 

then Eqs.(7-30) for s=l and Eqs.(7-29) imply 

{nMx,x")),T,{y,x'')} = -6ab6'{x-y). (7.38) 
Moreover, from Eqs.(2-29) and (7-13) one gets 

K(f,a;°),r/6(y,a;°)} = 0. (7.39) 

Eqs.(7-37) give a local expression valid in a tubolar neighbourhood of the identity cross 
section. The fact that in C^'^'^~^'^~^^ there is no Gribov ambiguity (so that operators of the 
kind of the Faddeev- Popov ones are invertible), is refiected in the invertibility of the matrix 
B, which can only acquire coordinate singularities outside the tubolar neighbourhood, 
where, however, one needs different coordinate charts; therefore, the determinant of the 
Poisson brackets of the constraints (7-37) (our form of the Faddeev-Popov determinant) is 
nonsingular. 

Now, since the F^'s satisfy the algebra (2-32) 

{r«(f,a;°),rfe(y,a;°)} = Cabcrc{x,x'')S\x-y), (7.40) 
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one needs to Abelianize them and, in a tubolar neighbourhood of the identity cross section, 
this can be done by using the inverse A of the nonsingular matrix B of Eqs.(7-37) as it can 
been shown by using the results of Ref . [89] : 



f,(f,a;°) = Tk{x,x°)AMx,x°)), (7.41) 

{ra{x,x°),tb{y,x°)} = 0- (7.42) 

Then, Eqs.(7-29) imply 

{r]a{x,x"),n{y,x")} = -5abS^{x-y). (7.43) 

Eqs.(7-43) also give the equations for the determination of the r]a{x, a;°)'s in terms of 
the gauge potentials Aa{x, x°): 

{r/a(f,a;°),f6(y,x°)} = {r]a{x,x°),T,{y,x'')}AMy,x'')) = 

= -Ae5(r7(y,x°))^^f ^(y,x°)K(f,x°),7rKy,x°)} = 

A /■/■-> o\\ /■ o\^Va{x,X°) (7.44) 

= -SabS^{x-y) 



^^^^^^^^'''"^JA^^) = -BaM^X))5\S-y) (7.45) 



where Eqs.(2-28) have been used. Then Eqs.(6-20)-(6-22) and the assumption that there 
is no homogeneous covariantly transverse solution which a priori could be added, one gets 



5Tja(x,X ) f , Qv.-, 

..^(^ o^ = -{Va{x,X ),TTi,{y,X } = 

SAl{y,x'') (746) 
= BaMx,x"))Clf^\y,x;x-) == -Bac{v{x,x°))Cii^\x,mx°) 

where we used 
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(7.47) 



because T" is antihermitian. 

Eqs.(7-46) have the correct AbeHan Hmit dr]a{x,x°)/dAl{y,x") = —5abC^{S — y), see 
Eqs.(5-13); therefore, it was correct to discard homogeneous covariantly divergenceless 
solutions of Eqs.(7-45). 

Eqs.(7-46) are not integrable and again one has to integrate them by using the priv- 
ileged paths 7(x, a;°,s) between o"/ and a"^(f,a;o). Using Eq.(7-25) for s=l, Eqs.(7-46) can 
be rewritten in the form 



5 



n'l{rj{x,x'^)) = Aac{v{x,x'^)) 



dr]c{x,x") 



C^\x,y;x"), 



(7.48) 



S^'vAKy^x^) 



S''vAi{y,x°) 




The formal solution of Eqs.(7-48) is 



W{r){x,x"))^nZ{r){x,x"))f- = 




(7.49) 




where the line path integral is on the family of quantities c{x — z) ■ A}y{z, x°) at fixed x 
connecting, along 7(x, x°, s), c{x — z) ■ "'^ Af,{z, x°) at s=0 and c{x — z) ■ '^'^Ai,{z, x°) at s=l. 

The integrand Q(, {x, z\ a;°), having the path along the segment x — y, see Eqs.(6-21), is 
a functional of c{x — z) ■ ^^(i*, x°). 
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To get ijaix, x°) from fl2.{vi^i ^°))) essentially one has to invert Eqs.(A-7) on the group 
manifold of G with the matrix A given by Eq.(A-5), i.e. to invert cZ'a(s) = uj2'^ {rj{s)) = 

Jfl^^^Q Aab{'fl)dVb to r]a{s) = r]a{uj{s)). By using the lowest order of Eq.(6-23) in Eq.(7- 

42) (for very near to cr/) one sees that to lowest order r]a{x,x°) = —^d- Aa{x,x°) + 
• • •, namely the Coulomb gauge fixing is an approximation of the natural gauge fixing 
r]a{x, x°) ~ 0, better and better when o"^ — > ai and '^^A^ A. 

From Eqs.(7-13) and (7-46) we have 



{?7„(£,a;°),A^(y,a:°)} = 

K(f,x"),7r^(y,x")} = Bac{v{x,x''))Cif^\x,y;x'^). 



(7.50) 
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8. The Longitudinal Electric Field, Dirac's Observables and the Inclusion of 
Fermions. 

We have identified the canonical pairs of conjugate gauge variables as Aao, TTao, Vai 
Ta with the Poisson algebra 

{Va{x:X°),fb{y,x°)} = -6abS^ix-y) 
The original variables A^, ifa are decomposed as 

Aa{x, X°) 



7fa{x,x") 



With nl^{x,x°) = (S'J + ^)ni{x,x'^) = Pi^(f)<(f,a;°) and4,^(f,x°) = P^' 
{x)Ai^{x,x°). In the last line of each formula one has evidentiated the usual transverse 
parts. 

Eqs.(8-2) and (7-16) imply 



= Qaivix, dr]{x, x^)) + Aa,T{x, x°; r]{x, x°)) = 

= eaivix,x"),driix,X°)) + iaA^,X°), 
= - — d-Aa{x, X") + Aa,±{x, X°), 

^na,D±{S,x'^) + J d'yCif\x,y;x°)r,{y,x°) = 
d - 

= - — 9 • 7ra(f, X°) + 7fo,_L(f, X°), 



d ■ Aa{x, x°) = d- G„(77(a^, x°),dr){x, a;°)) = d ■ [Aab{v{x, x"))dr]b{x, x")]. (8.3) 

— * — * 

Then one gets the following relation between Aa,± and Aa,± 

Ai^{x,x°) = Al^ix,x°) + P'^ix)eiiv{x,x°),dr,{x,x°)). (8.4) 

To get the relation between 7fa,± and 7fa,D± we note that from the definition of 
one has 
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d ■ -Kaix, X°) = -CacbAc{x, x") ■ 7rb(x, X°) - Taix, x") = 

-> d ^ 

= -CacbAcix, X°) ■ [Tfb,J_{x, X°) - —d ■ Tlh{x, X°)] - r„(f , X°), 



(8.5) 



so that using Eqs.(6-31) it follows 

Zl^\x,X°)d- 7fb{x,X°) = (Sab + CabcAcix,X°) ■ —)§■ TTb{x,X°) = 

= -[CacbAc{x, X°) ■ 7rb,±{x, X°) + Ta{x, X°)]. 

Its solution is 



d-7ra{x,x°) = - J d^yG^^},{x,y-,x")[cbuvMy,^'')-^vAy,^l + n{y^ 

= J d''yd^-^^f{x,mx'')[cbuvMmx")-^vAy^^l + ^b{y,x'')i 



where Eqs.(6-32), (6-34) have been used. From Eqs.(6-2) we get 



(8.7) 



A 



j (fyd, ■ cif\x,y;x^)[cbuvAuiy,^'') ■ ^.,±(y, a;°) + r6(y, a;°)]- 
- / d'yCif\x,y;x°)n{y,x'^) = 

= j d'y[6^^6aJ'{x-y)-^J,-Cit\^,y-,^ncbuvAi{y,x")^^^^^ 
-PYix) J d^yC[f\x,y-x")T,%x") = 

= j d'y[S^^SaJHx - y) - ■ cit\^,m^lcbuvAi{y,x")]^^^^^^ 

(8.8) 

due to Eqs.(6-33). Since 
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d-7ra,D±{x, X°) = -CacbAc{x, X°) ■ 7rb,D±{x, X°) = 

/(8 9) 
d^ydx ■ Cit\x, y; x°)cbuvAu{y, x") ■ 7fy,±{y, x°). 



one has the inverse relation 

Qi ^ 

<,±(^>a;°) = ttI dA^^x") - -^[cacbAc{x,x'') ■ 7rb,D±{x,x'')] = 

^PY{xK,D±i^,x'^)- 

Therefore, using Eqs.(8-2), (8- 7), (8-10), we can write 



Tfaix,x°) = Tfa,±ix,x°)--^ j (i^y 4 " (^, 3^°) • [c6„„^„(y, a;°) •7r„,_L (y, a;°) +r6(y, a;°)] . 

(8.11) 

No one of the quantities ^Ta,D^.^ ^a,±, T^a,!. is gauge invariant. From Eqs.(7- 15) 

and (6-28) we have with the notations of Eq.(6-45) 



{i^,^(f,a;°),r,(y,x°)} = -CaobKA^.^°)5%x - ^ = {AAx,x''))J^{x-y\ 

{<D±(^,^°),r6(y,a;°)} = -cacb<,Di.{^^^°)^^i^-y) = i^oA^^^Dab^^'i^-y)^ 

(8.12) 

while for the standard transverse quantities we get 



x°), n{y, x'^)} = -CacbPY {x) [Alix, x'^)5\x - jT)] 

{<^(f,x''),rb(^,X<')} = -CacbPf{S)[Ki{x,x'')6\ 



(8.13) 



X 



= PY{x)[{jr^{S.^°))ab5\^-y% 



From Eqs.(7-50), (7-37) and (8-2) one has 
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= {Vaix,x°),nli,^iy,x°)} + J d^yCl?\y,z;x°)[-Bac{v{x,x°))S\x 
= {rjaix, x'^), 4,D±iy, x")} + BaMx, x"))cit^\x, y; 

{Va{x, x°),nlM x")} = Bacivix, x°))P'^ \x, y; x°) = 

= -Bac{v{x,x'^))PY{y)Cit^\y,x;x'^) = 

due to Eqs. (6-33), so that 

K(f,a;°),i^(y,x°)} = 
{77«(f,x°),<,^^(y,x°)} = (8.15) 
{r]a{x,x°),Tvl^{y,x°)} = 0. 

Therefore one has 



(8.14) 



{il,^(x,x"),<^^(y,x°)} = Pl\x){A^,^^{x,x"),nl^^{y,x")} = 
= Pl\x){A'a{x,x%nl^^{y,x")} = 

= Pi^{x){A'^,{x,x%4(y^x°)} - Pf (f) I d^zCfj\y,z;x'){A'^,{x,x%T,{x,x°) = 
= -Pf{x)5ab5\x-y) + CaucPf{x)Al{x,x")cit^'{y,x;x°) 

(8.16) 

— * 

and Eq.(7-47) imply (this equation is consistent with both types of transversahty of Aa,i. 
and Tfa,D±) 



{i^ , (x,a;°),<^^(^,x°)} = 



- PY {S)5ab5' (x-y)- CacdPf {x) [A', (x, x")C)it^ ' (f , y; x")] , 



(8.17) 



while Eqs. (8-10) imply 
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(8.18) 

to be compared with 

{Al,^(f,x°),7r^;^(y,x°)} = -5abP'l{x)5\x-y). (8.19) 

— * 

Therefore the natural pairs ^a,±) '^a,Di. arising from the solutions of the constraints 
and of the multitemporal equations are independent from due to Eqs.(8-15), have ten- 
sorial covariance properties due to Eqs.(8-12), but are not canonical due to Eqs.(8-17) and 
do not have the same kind of transversality; instead the pairs 7?o,±, with the same 

kind of transversality, are canonical in the sense of Eqs.(8-19), do not transform as tensors 

due to Eqs. (8-13). The strategy will be to extract natural Dirac's observables from Aa^±, 

T^a,DJL and then to use the observable part of pairs 7fo,_L in terms of observables. 

If we multiply Eqs. (8-12) by Ai)c{r]{yTX°)) and we use Eq.(B-9), we obtain 



{i; ,(f,a;°),fb(y,a;°)} 



5T]b{y,x°) 



= -(HMx, x^)))^^Ai,{x, x^)5^{x - y), 



StiI I (x, x°) 

UlnA^,x%n{y,x°)}= 



(8.20) 



= -{Hb{T,{x,x")))^X^^{x,x")5\x-y). 

These equations are a functional multitemporal generalization of the matrix equa- 
tion -^U{t,to) — hU{t,to), U{to,to) — 1, whose solution required the introduction of the 
concept of time-ordering [99]; similar equations gave origin to path-ordering. In this case 
we need to introduce a path-ordering between the configuration with r]a{x,x°) = (the 
identity cross section aj) and a generic one ria{y,x°) (the cross section cr^(y-2,o)), inside a 
suitable tubolar neighbourhood of d/. The zero curvature condition of Eqs.(B-lO) assures 
that the result is independent from the path connecting these two configurations (even if in 
the evaluation of the solution the path j{y, x", s) is dictated by the directional functional 
derivatives in Eqs. (8-20)), so that we will choose the preferred path 7(y, x°, s), < s < 1. 

— * 

Therefore, we get the following solution for the dependence of Aa,±, TTa,Di. on the gauge 
variables rja 
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Aa,±{^, x°) = Aa,T{x, x°; r]{x, x°)) =Fab[v{x, x°)]Ab,±{x, x°), 
7fa,D±{x,x°) = 7ra,DT{x,x°;r]{x,x°)) = Fabivix, X°)]7rb,D±{x, x°) , 



where the Cauchy data are Aa^±, TVa,D± evaluated by using the identity cross section o"/ 
starting from a connection 1-form 



Aa,±{^,^") = Aa,T{x,x";0), {Aa,±{x,x''),h{y,x")} = 0, 

7fa,D±{x,X°) = 7ra,DT{x,X°;0), {7ra,D±{x, X°) ,tb{y, X°)} = 0. 

These arc natural Dirac's observables of YM theory, in the sense of the symplectic 
decoupling looked for with the Shanmugadhasan canonical transformation, since they have 
zero Poisson brackets with Ti, being Cauchy data of Eqs.(8-20) and also with rja due to 
Eqs.(8-15). The matrix F[ri{x,x°)] is ((/) denotes an arbitrary path) 



In the limit rj 0, due to Eqs.(7-10) and (7-19), the transversality conditions (6-22) 
and (7-33) become 



{dSab + CacbAc{x, x")) ■ nb,D±{x, x°) = ^ 

(dSab + CacbAc,±{x, x")) ■ Tfb,D±{x, x") = D^^ {x, x") ■ 7Tb,D±{x, x") = (■3 24) 

d-la,±{x,x")^0. 



— * V 

Therefore natural Dirac's observables of pure YM theory are Aa,i_ and 7ra,D±, i.e. 
quantities evaluated on the identity cross section cxj. This means that to separate the 
gauge degrees of freedom and the 1st class constraints from Dirac's observables in the sense 
of the Shanmugadhasan canonical transformation we have to evaluate the gauge potentials 
and the electric fields (the momenta) of the YM theory on P* = [R^ x {x"}) x G, and 
therefore the gauge potentials and field strengths of YM theory on = x G, on 
the respective identity cross section starting from the respective connection 1-forms and 
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curvature 2-forms. If denotes such evaluation, from Eqs.(8-2) and (8-11) one has for 
the corresponding gauge potential and electric field 



Aa{x,x ) — A(i^±{x, X ), 
7ra{X,X ) = 7ra,±- 
_ 4 

A. 



(8.25) 



with 



{i^,^(f,x°),7f(^(f,a;°)} = -P'fix)5abS'ix-y) 
{AlAx,x°),n{y,x°)} = {<^(f,x°),f5(y,a;°)} = 0. 



(8.26) 



These are final Dirac's observables of pure YM theory; the gauge degrees of freedom are 

A-aoi TTjj, 7]a, Ta- 
in presence of fermions, Gauss' law 1st class constraints are given in Eqs.(4-21) 



T^{x,x') = Ta{x,x'^) + i^|;i,{x,x'){T-)^^^PU^,x') ^ 0, (8.27) 

and the discussion of the pure YM part does not change. By using the Dirac brackets (4- 
29), one obtains the following transformation rules of the fermionic fields (F^ = T^Af,a{r])) 



{ijU^,x"),rl{y,x")} = {T\^i;^,{x,x")S%x-y) 



_ Stpc.ajx.x") _ 

dr]b{x, x'') 

= {T''A,,{n{x,x'^)))^ai;U^,x'^)S^{x-^ 
= {H,{'n{x,x°)))^^^a.d{x,x'')5\x-^ 



(8.28) 



so that the solution of the functional multitemporal equations, taking into account the 
zero curvature conditions of Eqs.(B-lO) and Eqs.(8-23), is 
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= (Pe-"c('?(---°))^^)^^^^,(f,a;'') = F^^[r]{x,x'')]i;ab{x,x'') 



(8.29) 



with 



1paa{x,X°) = t(;aa{x,X°]0), {l/jaa{x , X°) ,T {y, X°)} = 



(8.30) 



Again Dirac's (Grassmann- valued) observables are the Cauchy data of the multitemporal 
equations and are associated with the identity cross section of the associated bundle E of 
Dirac fields. 

To extract the gauge invariant part of the interaction Hamiltonian (4-31) one needs 
to use the Baker-Haussdorff formula [90] 



e-ye'^ = y^-[yx-] (8.31) 

n=0 

valid for x,y belonging to a Lie algebra g and with the notation [xy] = [x,y], [xyz] = 
[[xy]jz] = [[xjy],z] and so on. In this way one obtains (T" are in the representation p, 
while T** are in the adjoint representation) 



^^tT" e-'''^' = ySzLab,---ab [T^T^^ ■ ■ ■ T^"] = 



CO / N n 



(8.32) 



T''Y.-^i<-HT^'U...{abT^^),^_^^ 



ni 

n=0 



= r-(e-";*')„. 

Therefore taking into account Eqs.(7-31) (with d/dx — > d), (8-23) and (8-30) we have 
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= i'il;l{x,x°)a-[d+{Qa{v{x,x''),dv{x,x'')) + Ia,±{x,x°^^^^ = 
= ii;iix,x°)a-[d + Fi^\-r,ix,x°)]dQZivix^ 

+ {ea{v{x,X°),d7j{x, 

= ii;i{x,x")a-[d + Ac,±{x,x")T''+ 

+ 2T%P e"2(^(->-°)*")^^Gd(r7(f , x°),dvix, x-))UM^, x°) 

(8.33) 

Let us conclude this Section with the remark that the relevance of the global identity 
cross section of the trivial principal bundle P* in the construction of global Dirac's observ- 
ables seems to indicate that global Dirac's observables probably do not exist for theories 
based on non-trivial principal bundles, which, therefore, cannot be re-expressed globally 
only in terms of measurable quantities as it will be done in next Section for the YM theory 
with fermions. 
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9. Physical Lagrangian and Hamiltonian. 



Let us now consider the action St with the Lagrangian density Ct{x, x") of Eqs.(4-3) 
and the Dirac Hamiltonian Hot of Eqs.(4-31) after the ehmination of the second class 
constraints (4-18) with the Dirac brackets (4-29). Since Ct is gauge invariant, we can 
evaluate it by using the gauge potentials generated by the identity cross section aj 
from a connection 1-form; let jC,t{x,x°) be the resulting Lagrangian density and let H^t 
be the associated canonical Hamiltonian. 

By using Eqs.(2-16) and (4-3) and omitting the surface term in Eqs.(4-3), the original 
Lagrangian density is 



Ct{x, x") = 1/2^2 Y^{^Aa{x, x") - D^, {x, x")A:{x, x")f - BI{x, x")}+ 



(9.1) 



a 



+ ii,{x, x'')^''{d^ + Aa^{x, x°)T«)V'(f , x") - rmPix, a;°)V(f , a;°), 



while, from Eqs.(2-17), (4-9) and (4-10), the equations of motion are 




Ll{x,x") = {Sabd" + CaubAl{x,x")){-D,^ {x,x")A"^{x,x'^)+Ab{x,x'')) 




(9.2) 



L5(f,a;°) = iPix,x°)[iid^ - Aa^ix,x°)T-)r + m]=0, 
Ll{x,x°) = [iid^ + Aa^.ix,x°)T-h^^-m]iPix,x^)=0. 



Using Eqs.(7-13), (7-31) and (7-14) we get (ry = d°r]) 
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dAl^ j,{x,x°;r]{x,x°)) 

+ 'nb q;^^ \r]=ri{x,x°) = 

= d'QZ{v{x,x'')) + [d°\r,Sac - CadcAdb{v{x,x''))rjb]Ai^Tix,x";v{x,x")). 

(9.3) 

Since from Eqs.(7-25) one obtains {d°\rj^2. ^^e derivative with respect to the time de- 
pendence of the integrand in Eq.(7-30)) 



n2(r7(x, = Aabivix, x"))fn,{x, x") + d"\r,nZ{7^{x, (9.4) 
and since the time independency of the identity cross section u/ imphes 

f]a{x,x'')\^=o^{dTv{x,x'')\^=o = 0, nZ{v{x,x"))\^=o = 0, (9.5) 

then these results, together with d"\rj^2{'n{x, x°))\rj=o — 0, imply the following expression 
and limit of 



Al{x, x") = a°|^i'„,^(f , r]ix, x°)) + {5abd' + CacbK^x, ri{x, a;°)))0^(r7(x, x°)) = 
= a°|,i*,,^(f , x'; v{x, x")) + D[t^\x, x°)Q2{rj{x, x")) ^,^o 

(9.6) 

Since, due to Eqs.(6-35), the equation L°^(af, x°)=0 can be written as (J^(x, x°) = 
zV5(f,a;°)7^T"V(^,a;°) from Eqs.(4-10)) 



^ - (A) - (A) 

Aif{x,x^)Alix,x^) = (D^, . 4, )ix,x°)Atix,x^) = 

= D^, {x,x") ■ Ab{x,x")+g'r,{x,x") - Lf{x,x"), 



then its solution is 
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or else (also here as in the previous formula we discard homogeneous solutions) 

ia{x,x")^- J d^yClf (f,y;x°)[A[f)(y,x°)A°(y,x°)-/j,°(^,x°) + Lf (y- (9.9) 
We obtain 

a'S+^-\x,x^)A^,{x,x^) = 

= D^, {x,x°)-[dXA,,T{x,x°;v{x,x")) + D,^ {x,x")Q2{v{x,x^))- ^ ^ 
- ctucQu{v{x,x'^),dv{x,x°))h2{v{x,x°))]+g^j:{x,x'') - Lf (f,a;°), 

so that 

A:{x,x") = ni{x,x")+ J cPyGfX"\^^y-^^") 

.jq+At) -u ^ ^ (9.11) 

[D^, {y,x") ■ {d%A^^T{y.x"-ri{y,x°)) - CbucQ^{v{mx"),dr^{y,x")) 

^tiviy, x"))) + g'JM x°) - Lf{y, x")] 

and finally 

Al\r,^o{x,x") = 



= J d'yG^l^J{x,y;x")[3,^" (y, x") ■ d"I,,^{y, x") + 

+ J: I ,=0 (y , ^°) - Lf \r,=o{y,x°)]= (9.12) 

= J d'yG^l^J{xJ;x")[3[t^\y,x")-d"I,^^^^^ 
+ igH\y,x-)Tmy,x°) - Lf\^=o{y, x^)] 
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where the next Eqs.(9-14) have been used. Let us remark that the use of L°^=0 is equiv- 
alent to the phase space constraint V'^ 0. 



For the fermionic terms Eqs.(8-29), (8-33) imply 



ii^Ux,x-)id- + A:ix,x-)T-)^J,ix,x-) = 

= i^Ux,x°)[Suvd'' - (F(^)[-r/(f,a;°)]f2^(r/(f,a;°))F(^)[r7(f,a;°))])„„+ 



^^0 Loj=0 



+ T- I d^yG^l^J{x,y-x'^)[3,^" {y, x") ■ d'^I,,^{y, x") + 
+ ig^\y, x^)Tmy, x°)]Ui^,{x, x°) 



(9.13) 



Ja{x,x") = iip\x,x")T''i;{x,x°) = 

= #t(f,x°)F(^)[-r/(f,a;°)](T«)^,Fi,^)[r7(f,x°)]V',(f,x°) = 

= i^Plix, a:°)(T^)„„(e-"?(^(-^'-°)^\,V^.(f , x°)^,^o #^(^, a:°)T>(f , a;°) 

Ja{x,x°) ^iip\x,x")dT''t(;{x,x°)^rj^o itp\x,x°)dT''tp{x,x"). 

(9.14) 

Using Eqs.(9-1), (9-6), (9-12), (9-13), (8-33), we obtain 



1 ■ (■^) 

£T(f,a;°) = J]{(i„(f,a;°)-D„, ix,x°)Atix,x°)f - Blix,x°)}+ 

^3 a 

+ i'4){x, x°)-f^{d^ + Aa^,{x, x°)T'')il;{x, x") - mip{x, x'')ip{x, x°) = 
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-D {x,x°)A'^{x,x")f - Bl{x,x°)}+ 

+ iip{x, x°)-i^{d^ + Aa^{x, x")T"')'iIj{x, x°) - mijj{x, x°)ii;{x, x°) = 

= -L{[a°|,X,T(f , vix, x°)) + CaubQuivix, x°),drj{x, x°))Al{x, x°)- (9-15) 

- D,, {x,x°){Al{x,x°) - n^(r7(f,x°)))]2 - BI{x,x°)}+ 

+ ii^ix, x")^^^{d^ + Aa^ix, x°)T'')^{x, x°) - m^ix, x°)^{x, °o 

with 



CAx,x'^) = ^{[d'^IaAx,xn-D^T\x,x'') J 

(^l^"\jr, x°) . d°IdAy,x°) + ig'i'Hy, x^t^^M x°))]^- 

- bI{x, x") ) + ij^ix, x°){i[d" - a ■ (4 + K±ix, a;°)T«)] + 

+ zT« I d'y G^l^J {x, y; x') (y, x°) ■ d'l,,^ (y, x')+ 

+ ig^i^^ {y, x°)T^{y, x°)] - mP}i^{x, x°) = 

-g'D^,"\x,x-) J AG^}i(f,y;x°)#+(y,a;°)T-V'(y,^°)]'- 

+ zT« J d'y (f , y; x^) [D^f iv, x^ ■ d'l,,^ (y, x-)+ 

+ ig^^{y,x°)T^i^{y,x°)]-mP}i^{x,x") = 
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g2 /• , 1 - (9.16) 

+ iT« 1 d^y G^^^^ (f , y- x°) [D^c^ ^ (y, x°) ■ d°Ic,i_ (y, x°)+ 
+ ig^^^ {y, x°)Tmy, x°)] - mP)^{x, x°) . 



Let us note that in the first fine of this equation, due to the transversahty of A±, one could 
replace D^^ {yiX°) with —{A_^{y,x°))^^, see Eqs.(6-46). 

By making integrations by part and using transversahty and the second line of Eqs.(6- 
36), from Eqs. (9-16) one gets 



j d^xCrp{x,x°) = 

^ J d'x [d"AlAx,x") I dhvi-^'\xJ-x")d"Al^{y,x")- 

- j c/VG^}i(^,fi;^")^ld"\yl,^°)-9%,±(iri,a;°) 

/ c^3y2P(^)^^^,y2;a;°)a°i^,^(y2,a;°) -5]s!(f,a;'')]- 

- j d'x[bi-^\x,x^) I d^,vit^^'\x,y;xnd°AiAy,^'')]- 
d'y2 G^ltk^, m ^°) [#Hy2, x")T''i;{y2, x°)]- 
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<fx[i^{x,x")T'^^{x,x'^)] j <fy[{-D^, iy,x")G^^^^J{x,y-x")y 
■d''lcAy,x'') + G^f-J{x,y;x°)g'[i^^ 

^ j Sx^i,M^-a.i3a.^.i,,m-rn0)^%^ = 

= d'xd%d''Al^{x,x'^)vit^^'\x,y-,x'')d''A{^^^^ 
jd'xY^BMxO)- 

- j d^xd^y[i^\x,x°)T-xl,{x,x°)]Cif^\x,y-,x°)-^ 

+ |_y d^xd^y[ii:\x,x'')T-i:{x,x'')] G^^^,{x,y;x'^) [4\y,x'^)Tmy,x'^)]^ 



(9.17) 



dx° j d^xjC,'j,{x,x°) = J dx° j d^xCrix, x"); 



this final Lagrangian density jCt{x,x°) has the correct AbeHan Hmit, Eqs.(5-51), since 
— >. —A, T" — > —i and the third fine of the last expression becomes a surface term. 

The physical equations of motion can be obtained from Eqs.(9-2) with the same proce- 
dure, instead of evaluating them as the Euler-Lagrange equations associated with Eqs.(9- 
16). Using Eqs.(9-3), (9-6), (9-8), (9-12), (9-14), one obtains (one uses the simplified 

- (^) - (A) 

notation Ka[A{x,x°)] = D^^ {x,x°) x [{D^^ {x,x°) - \cMcAd{x,x°)) x Ac{x,x°)]): 
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Ll{x,x") = {5abd" + CaubA"^{S,x"))[dXAb.T{S,x"-r]{x,x"))+ 

+ {x,x°)WM^,^''))-D,, {x,x<')Al{x,x°)]- 

-Ka[A{x,x°)]+g^J,{x,x°) = 

Q " 

= iSabd°\r, + 5abr]w-^ |r?=r,(x,a;°) + CaubA'^{x, X°))[d"\rjAh^T{x, X° ; r]{x, x"))- 

- Cbvc^v{r]{x, x°);dr]{x, x"))Q2{r]{x, x"))- 

- D,, (f,a;°)(^°(f,x°) - n2{v{x,x°m - Ka[A{x,x°)] + g^Ja{x,x^) = 

^{dXfIa,T{x,x";vix,x")) + 

+ Caub{Al{x, x°) - nl{r]{x, x")))dXlb,T{x, x"; f]{x, 

~ Caub{d \riAT^^(r](^X, X )))f]yj[x,X ) — 
(^bvc{^abVw{x, X )— \ri=ri{x,x°)'^ 

+ CaubAUx. x°)){e^{r]{x, 9r/(x, 

- Cauc{d°\r,Au,T{^,x°;rj{x,x°))){A°{x,x'^) - n2{rj{x,x'')))- 

c,(0+1t) 

-D,, {x,x")dX{A",{x,x") - ni{fj{x,x^)))- 

-CaubA°{x,x'^)D,^ -n^(?7(f,a;°)))- 
. o^ ^ {v{x, x°) ; a?7(f , x°)) , 

CaucVw\X,X )[ \ri=r)(x,x°) 

- CudrAdMx. a:°))i,T(^, o;"; r7(f , x°)))(A°(f , x°) - r22(?7(x, x°)))- 

~Vw{XjX°)D^^ {x,x")— \ri=r]{x,x°){Ac{x, X ) — Q2{r]{x,x ))) — 
-Ka[A{x,x")]+g^Ja{x,x°) 



with 



(9.18) 
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{x,x°)^{d"YAa,^{x,x") + 

-D^^"\x,x°) X [{3lt"\x,x'>) - ^CMci±(^,a:°)) X I,,^ix,x")] + 

+ ig'^ip^ {x, x°)aT''ip{x, x") 

- j d^z{5^{x - ^[d°Dy {X,X°) + Canud°AbA^,x'')] + 

Camudl^^x, z; x°)[Dy{z, x°) ■ 
ig'^i;\z,x")T''ij{z,x")])- 

= Dla,±(^,a;°) + ---=0. 



(9.19) 



where Eqs.(6-36) have been used. Analogously one obtains 



+ iT-j d'yd^^l{x,y-x°)[D,^ {y,x°) ■ d° A,,^{y,x°)) + 
+ ig^^p^y, x°)T^iP{y, x°)] - m/?]^(f , a;°)=0 



(9.20) 



These equations of motion and the corresponding Hamilton equations will be stud- 
ied elsewhere, since in this paper we are primarily interested in the problem of Dirac's 
observables. 

Using Eqs.(9-17), we can now evaluate the canonical momenta 
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7r_ i(x,x ) — — = 

^P'l{x) I d'yV[i^^^\x,y-X)d"Al^{y.x")+ 
9 J 

+ P'l{x) j d%cl^j^^\x,y-x")i^\y,x")T'Mxl, 

d ■Tfa,±{x,X°) = 0, 

{AlAx,x°),7r{^{y,x°)} = -5abP'i{x)5\x-y). 
To invert this equation in d°Aa^_L., one applies the foUowing operator 



Pr{^ j d'x [5-'5,aSHz- x) + bi-^-{z, x")G^i;^l{l x- ^ ^(x, x°)\Pl{x) 

J d%[6^%,5^{x-^ - bij-^^{x,x'')G^f-^^^^^ 
■d'^Al^{y,x'^) = 

= d''A^Az,x'')- I d\d^yPr{^bi-)^{z,x'')G^i;;;^^{z,x-,x°) 

[bii-^Kx, x")Pnx)bii^^'{x, x°)] G^^-lix, y; x°)b[i-^\y, x°)d°Al^{y, x^) = 
= d°A^^^{z,x°), 

(9.22) 

because Eqs.(6-35), (6-29) and (6-38) imply 



b[i-^\x,x"W^ + ^)D(^)^(f,a;°) 



A[i-\x,x'') + K,a{Ai_){S,x°)-Kar{A^){S,x^) = 0. 



(9.23) 



Therefore, one gets 
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■PTiy) K±iy^x")-^ J dhclt^^''{y,z;x")i;\z,x")T'^i^{z,x")], 

(9.24) 

so that from Eqs.(9-19) we get the following canonical Hamiltonian 



HcT = J d^x[f„,i(f,a;°)-a°A,i(f,a;°)+Vi(f,a;>(f,a;°)- 

— i/jix, x°)%{x, x°) — Ct{x, x°)] — 

= yJ d^xcfy[klA^,x°)-P'i{x) J d'vC0^^\x,v-,x'')ii,\v,x°)T'i,{v,x')] 
[S^'Sa^d^x - y) + Dii-^\x, x")G^i^S^, y- x")b[i-^\y, x'^)] 
[^b,Ay,^'')-P±'iy) I d^wClt^^''iy,w;x°)ixl^\w,x°)T-xl^{w,x°)] + 

+ J d^xtp^ {x,x°)[ia ■ {d + Ia,±{x,x°)T'') + mP]'ip{x,x°)- 

-9_j ^s^^Sy [i^t^£^^o^T'^^^^,x°)]G^^^^J{x,y^^ [ii,\y,x")T''i,{y,x'^)] = 

-g"^ J d^xd^yP'lix) j d^v Cii^^ \x,v-x°)[i'^\v,x")T'''^{v,x")] 
■ [5'Ha,5^{x - y) + ^(f , a:")^^) (f , y; x'^)D[i-^\y, ^°)+ 
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_ ^1 d^xd^y[ixl,\x,x°)T-xl,{x,x')]G^l^J^^^ 

+ J d^xij\x,x'')[ia-{d + Ia,±{x,x'')T'')+mP]i;{x,x'') = 

d^xd'y , • fca,±{^, x°)]G£i(f , y; x")[{I^{y, x"))^, ■ fr,,^{y, 

-g^J d\d^y [{A^ {x, x"))^^ ■ f:a,± {x, x")]G^l^2{x, y- x") [z^t {y, :r°)r>(y, a:")]- 
d'xd^y[^^^;\x,x")T-^^;ix,x'')]G^l^l^^^ 

_ |_y d^xd'y[{A{x,x'))^^-^uA^,x°) + ii,^{x,x'^)T-i,{x,x"^^^^ 
+ j d^xij^{x,x°)[ia- {d + Ia,±{x,x°)T'')+mP]iP{x,x°), 

(9.25) 

where Eqs.(6-36) and (9-23) have been used to get ''{y, x°)P'[''{y)Clf^^''{y, w; x°) = 

and similar results after integrations by parts; also the notation of Eqs.(6-46) has been 
used. The first expression of this canonical Hamiltonian shows the correct Abelian limit 
of Eqs.(5-39), (5-40), because in this limit the extra terms in the first lines disappear for 

transversality reasons, {x)cif^^ {x, v; x°) 0. 

By introducing the following notation for the non- Abelian charge density of Eqs.(4-40) 
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p(^^'^) (f , x°) = {A{x, x'))^, ■ 7rfe(f , x°) + #t(f , x°)T-i;{x, x^), 

(9.26) 



one arrives at the final form of the canonical Hamiltonian 



9 



9 



(9.27) 



+ / d^xip\x,x")[id-{d + Aa,±{x,x'')T'') + mP]'ip{x,x''). 



Let us now consider Hot = -f^cT + / d^x [Xao{x, x°)7r°{x, x°) — Aao{x,x°)T'^{x,x°)]. 
From Eqs.(8-ll) , (8-27) and with the notation of Eq.(6-46), (9-26), we have 



^l{x,x°) = Y,{7^aA^,x°) + d'yd,-^^f{x,y-,x°)[p,{y,x°)-Vl{y,x^)]Y = 

= 5^R,^(5^,a:°) + ^ / d'yd,-Cl^\x,y;x")p,{y,x'^)y- 

137 



(9.28) 



■ ^ j d'zd, ■ Cf)(f,i';x°)r^(£,a;°)+ 

+ E[|^ / A4-Clf (f,y;a;>,(y,a;°)]^- 
+ E[|; / 4 ■ Clf (X, x'^niy, x^r = 



After discarding surface terms from some integrations by parts (for instance of the 
kind Jd^x [{3/ A)F{x)]-[{d/A)G{x)] = J d^x F{x){l/A)G{x)), one gets (here = pi^'^^) 



a "a 

+ y y c«'2/irf'y2 [4 ■ clf^(x,iri;x°)p6(iri,x«)]— [4 • af)(x,ir2;x°)pe(2r2,x°)]+ 

+ #+(f , x°)a ■ + Aa{x, x°)T'')^{x, x°) + rw^^x, x°)p^{x, x°)- 

- y / d^yid'y2 [4 • Cl?(x,2ri;x°)p6(iri,x'')]^[4 • Cl?(f,2r2;x°)rn2r2,x°)]+ 

- Aao{x, X°)rf (f , X'^) + Xao{x, X°)<(f , 

(9.29) 



If we evaluate Hot on the identity cross section cr/, from Eqs.(9- 27) and (9-29) we 

get 
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- j [Aao{x,x°)5^{x-y) + 



= HcT + J d^X {Xao{x,X°)r,{x,x'')- 

-[Aa,(x,x")-^ J d'yG^^^^2ix,y;x")pi^^^^^\y,x")]t^{x,x"^^^ 



(9.30) 



where Eqs.(6-39), (6-40) and an integration by parts have been used. This equation has 
to be compared with Eqs.(5-39) of the Abehan case. 

If, along the hues of the Abehan case, Eqs.(5-41), we introduce the generahzed 
Coulomb gauge-fixing r}a{x,x°) ^ 0, then from Eqs.(8-15), (9-29), (7-41), (7-43), we obtain 



a°r7a(f , x°) = {riaix, x°), Hdt} ~ 

^ {A^x, + y / d'^d'y [9z ■ Cl? y; x°)p1^^'^) {y, x°)] 
^[4 • Cif{z,x;x'^)])BMx,x°))\,^o «^ 



(9.31) 



Aao{x,x"){x,x'^)-^ I d'yG^^^^J{x,y-,x')pi^^'^^\y,x'^)^0-, 



this turns out to be the natural generalized temporal gauge. Its time constancy determines 
the Dirac multipliers Xao' 
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(9.32) 



We shall study elsewhere the non-trivial problem of finding the analogue of the Abelian 
canonical transformation (5-42)-(5-43), of getting a separation of Hot in physical and pure 
gauge parts like in Eqs.(5-45), and, subsequently of analyzing similar separations for the 
generators of the Poincare group like at the end of Section 5. 

As shown by Eqs.(9-31) the standard temporal gauge Aao{x,x°) = is not allowed, 
also in absence of fermions. Therefore, for G=SU(2), our physical Haniiltonian cannot 
coincide either with the one of Ref. [91a] evaluated moreover in the Coulomb gauge, or 
with the one of Ref. [91b] (notwithstanding the technique for finding gauge invariants used 
in this paper has similarities with our approach), or with the results of Ref. [91c] obtained 
starting from a polar decomposition of Aa, or of Refs.[47]; see also Ref.[91d] for a different 
canonical approach, but always in the temporal gauge. 

For the non-Abehan charges Eqs.(4-40), (8-25), (8-27), (9-14) imply 



--^ j d^xd- Ea{x,x") = - J d^xd-na{x,x'')= 

=Ql = - f d^xGUx.x'^) = 
9 J 

= \cabc f d^xF^^{x,x°)A^^{x,x°)+i f d^x^\x,x°)T^il;{x,x°) = 

9^ J J (9.33) 

= I d'xpi^'''\x,x") = 

= J d'x[{A{x,x"))^,■M^,xn + ^i^H^,xnT''i^{x,x")] 



with 
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[(i(y,a;°)),, • + ^°)]) + #(^, ^°)] = 

S r - (9-34) 

= J d^xf//^''^^\x,x") = 

= J d3a;[(l^(f,a;°))„,-#i(f,a;°)+zV;t(f,a;°)T«V;(f,a;°)]. 
after an integration by parts. As expected [35], Eqs.(9-26) imply 

= CatcTTlA^.x") (9.35) 
{'lPaa{x,x''),Ql} = [T^a{x,X°)]a 

{i,Ux,x'),QU = -[i'Ux,x'')TX. 

Since, from Eqs. (4-38)- (4-40), the non-Abelian charges are constants of the motion, 
the same is true of the Q^- The equation {Q'^^Hct} = can be used to deduce the 

transformation properties of the Green function G^^^^{x,y\x°): since from Eqs. (6-35) we 
have {aI^^ (f , x°)G^^^^{x, y; x°), Qj} = 0, with the help of Eqs.(6-36) we get 

{G'£)(f,y;x°),Qn = 

= - / d^zG^i^^-^{x,z-,x"){Dy %x'^)-D^ 

J , _ (9.36) 

= j d'z[C'^,i-\x,z-x")G^^;^l{z^^^^ 

To find the classical superselection sectors labelled by X^a^a ^' ^ ^^^^ Section 3, 
one has to select the subset of Dirac's observables which has vanishing Poisson brackets 
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with ; Eqs.(9-35) then automatically require that only even functions of Grassmann- 
valued Dirac's observables belong to each superselection sector. 

For the topological charge Eqs.(8-25), (8-27), (9-14) imply 



Qt=^ I d-'xFa^,,{x,x")*Fr{£,x'') = - / d-'xEa{x,x'') ■ S,(x, x") = 



= -9 J d''xna{x,x°) ■ Ba{x,x°)- 



(9.37) 



with 



Qt = -9^ / d^X [7^a,±{x,X°) + 



(y,x°)]-i?«(f,x°) = 



= -g^ J d^xBa{x,X°) ■ [#a,±(f,X°) + 



(9.38) 



+ (i(f,x°)),,-^ / d'yd:,-^,i-\x,y;x°)pi^-'^-\y,x'^% 



where, after an integration by parts, the Bianchi identity in the limit ry — > 0, i.e. 
(x, x°) ■ Ba{x,x°) = 0, has been used. 

By using Eq.(6-44) and the rescaling A — gA (for sake of simplicity we go on to use 
the notation A also after the rescaling), the action (9-17) and the Hamiltonian (9-27) can 
be rewritten in the following forms, which show explicitly the absence of singularities in g: 
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-2g^ j rf^;^c(2/-l -f)[aM^-•-y-2)](iY(2rl))ac(^l(^"'))cn• 
•(Pea;p[^7/" dw-A^{w)]) {A'^{y2))ab+ 

•^2/2 ud 

+ j d^z,d^Z2c{y,-z,M^c{z,-Z2)MA^ 

■ iPexp[g P dw ■ Mw)]) {Ai{z-2)),,iPexp[g f ' dw ■ A^iz-^)]) (iK^Ts)) 

Z2 uv •'J/2 rd 



AUy2)- 



+ ^g^CabcCauvA\hix)A{^ix)A\^ix)A{^ix)] + 



d^yid^y2 {i^Hyi)T''HyiWabc{yi - y2)- 
-2g [ d'zc{y-l - z)[d^c{z- y2)]{Al{z)),,{Pexp[g f dw ■ 1^ («;)]) + 

+ g^ f d^zid^Z2 c{yi - z-{)[d^Az1 - i^2)][9^,c(i^2 - y2)]{Pexp[g [ dw ■ • 

J J Z2 UV 

■ {Ai{z-2)\,{Pexp[g r dw ■ Mw)]) ][^^ iy2)T'^{y2) + 2{A^{y2)\, ■ A^M)]} 

•^2/2 db 

(9.39) 
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+ 2g^ j d^^c(yl -i')[aMi'-|r2)](iY(2ri))ac(4i(^"'))cn- 
■{Pexp[g [ dw-A^{w)]) (ii(yl)rf;,- 

-g'J d'z^d'z2c{y^-z^)[^^^c{z^-zm^'.A^-i-ymAl{^^^^^ 

■{Pexp[g P dw-Mw)]) {A\{z-'2)),,{Pexp[g f\w ■ A^{w)]) {A^{y2))J- 

•'^a uv ''y'i rd 

+ \j d'x[{d^A^^^{xWA^^^{x)+2gCaUd'A^^^^^^^ 

+ j d''xi^l{x)[ia ■ 01 + gA^u{x)T'') + m/3]^^^6(f) + 
+ ^g'' j d^y,d^y2 [2^±c{yi) ■ {A±{yV)ca + ^^HyVT''Hy'i)][Sabc{yi - y2)- 
- 2g [ dhc{y-{ - z)[d^c{z- y2)]{A'l{z))^jPexp[g f dw ■ A^{w)]) + 
+ g'J d^z,d^Z2 c{y-{ - z-{)[dlc{z-{ - im^A^'i - yi)\i.^Wi)) an 
■ {Pexp[g r dw ■ Mw)]) (ii(i^2))„, 
{Pexp[g P dw ■ A^{w)]) ]{ii^\y2)T'>i^{y2)) 



y2 rb 

(9.40) 

From the discussion of Sections 2, 3, 7, and from Eqs.(7-19)-(7-23), one can define 

^_(m) x.(0) 

a different set of Dirac's observables A^^^ .^{x,x°) [Aa,_L = ^a,x,o] each value n e Z 
of the winding number and for each index m = 0, 1, .., dimZa — 1, labcUing the elements 
of the center Zq of G. Instead for the fermion fields we have only the dependence on the 
winding number, 'i/'aa,(n)(^5 In fact, instead that around the identity cross section o"/, 
one can repeat the whole construction around each one of the cross sections defined in 
Eqs.(7-19)-(7- 23) in accord with the approach of Refs.[61]. Therefore the final action in 
terms of these configuration coordinates is 
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+00 dimZQ — 1 
n=— oo m=0 

with S't and Qt given by Eqs.(9-39) and (9-38) respectively. 
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10. Covariantization and a Possible Ultraviolet Cutoff. 



Till now the whole construction of Dirac's observables, both in the Abelian and non- 
Abelian case, has been manifestly Lorentz non-co variant, since a 3+1 splitting has been 
privileged. To recover some kind of covariance, i.e. Wigner covariance, like for some rela- 
tivistic two-body system [14] and for the Nambu string [16], one has to follow a strategy 
which was essentially initiated by Dirac himself [la]. We have chosen boundary condi- 
tions such that the ten functionals of the field configuration defining the generators of the 
Poincare group, assumed globally realized (so that the global momentum map reformu- 
lation of the first Noether theorem [69] can be applied; let us remark that in Ref. [69d] 
there is a momentum map reformulation of the second Noether theorem with only first 
class constraints and a different approach to the covariantization of the phase space of 
classical field theory), are finite: < oo, J^'^ < oo. Therefore, we have selected field 
configurations for the coupled system of gauge potentials and matter fields, which admit 

well defined values of the Poincare Casimirs and = —P^S {S is the rest-frame 
Thomas spin [14-16]). The first implication is that the constraint submanifold in phase 
space has a first stratification structure, being the disjoint union of sets identified by the 
various kinds of Poincare orbits admitted by the system. The stratum of the P^- or mass- 
stratification for > will be further stratified due to the two kinds of orbits of the 

Thomas spin (S = or ^ 0): this is the spin-stratification. Let us remark that a priori 
there is also the stratification induced by all possible types of gauge symmetries, when 
the chosen functional space of connections allows reducible connections; with our choice 
this stratification is absent. The mass- and spin-stratifications could also be introduced at 
the level of the configuration space in the Lagrangian approach, but they are more easily 
described in the Hamiltonian approach. 

Let us remark that the requirement P'^ < oo, J^'^ < oo, presupposes the possibility 
of a regularization of the classical self-energy problems (see for instance Ref. [32] for the 
Abelian case with charged scalar particles) connected with the classical charge radius ~ e^, 
when matter particles are replaced by matter fermionic fields; at the pseudoclassical level, 
in which the charges of the particles are treated by means of Grassmann variables (pseu- 
doclassical remnant of quantized charges), the pseudoclassical charge radius, and then the 
self-energy, vanishes since Cp^ = [44] ( epg is the pseudoclassical charge which becomes 
e after quantization). It is plausible that with fermionic Grassmann- valued fields this kind 
of regularization still works at the pseudoclassical level; however, this point needs further 
investigation and it has not yet been studied which kind of regularization would corre- 
spond to a consistent quantization of these pseudoclassically regularized models. While 
in this Section, disregarding this problem, we will find a classical basis for a ultraviolet 
cutoff, the classical basis for the infrared problem is still practically unexplored: there is 
an interconnection among the existence of the exceptional Poincare orbit P^ = (see the 
surface terms in Ref. [40]), the accumulation of the time- like and space-like orbits toward 
it and the behaviour under Lorentz boosts of the Coulomb clouds (either before or after 
the decoupling of the gauge degrees of freedom) . 
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The first step of the strategy is to study the classical spectrum of the system to see 
which kinds of Poincare orbits are allowed; if space-like orbits < are allowed, they 
have to be discarded already at the classical level to avoid tachionic effects. 

The second step is the treatment of the time-like (P^ > 0, P° > or < 0), light-like 
(P^ = 0, P° > or < 0) and P^^ = orbits. For the time-like orbits one has to reformulate 
the classical theory of the system on space-like hyper surf aces, as it will be done later on; 
actually in this case the instant form of dynamics of Dirac [92] is the natural one. For light- 
like orbits one has to add ~ 0, as a functional of the fields, to the original constraints 
and to study anew the new constraint submanifold (it defines the stratum of the original 
constraint submanifold containing light-like orbits); the theory has to be reformulated on 
light-cones, because now the front form of dynamics of Dirac [92] is the natural one. Also 
for the orbit = one has to add P^ ^ to the original constraints, but a clear 
understanding of the geometrical and dynamical aspects of this case is still lacking. In 
what follows we shall restrict ourselves to the time-like case P^ > 0, since the light-like 
one can be formulated along similar lines and this will be done elsewhere; also we shall 
limit ourselves to the Abelian case, whose reformulation on space-like hypersurfaces when 
scalar relativistic particles instead of fermionic fields are present, was done in Ref. [93]; the 
introduction of fermionic Grassmann- valued fields and/or of non- Abelian gauge potentials 
is straightforward and will be done elsewhere. Then, being in the realm of special relativity, 
the gauge freedom in the foliation of Minkowski space-time with space-like hypersurfaces 
will be reduced to the natural (in the sense of intrinsic) family of hyperplanes perpendicular 
to the total momentum P^ (P^ > 0) of the system: this can be called the natural Wigner 
foliation for the case P^ > 0. 

The third step is to find a canonical transformation from the original variables to a 
new basis containing P^, a conjugated center-of-mass coordinate (functional of the 
field configuration) and a set of field relative variables, like for the Nambu string [15-16]. 
Then a second canonical transformation [14,16] will boost (at rest in the case P^ > 0) the 
relative variables with the standard Wigner boost pertaining to the chosen kind of Poincare 
orbit (P2 > or p2 = 0): this new canonical basis will contain P^, a new Lorentz non- 
covariant ccntcr-of-mass coordinate and relative field variables with Wigner covariance. 
In the case P^ > some of the relative variables (those corresponding to relative-time- 
like variables and to their conjugated variables) will be Lorentz scalars and the remaining 
relative variables will be spin-1 Wigner three- vectors. The center-of-mass variables X'*, 
P^, with another canonical transformation [14], will be replaced with the total mass, 
the conjugated rest-frame time and six Dirac's observables describing the independent 
Euclidean Cauchy data for the center-of-mass 



147 



r]VP^, P-X/r]VP^, 



rj = sign P", 



^=rjVP^{x' - —x°) = 



pc 

pi 



' ^ P° rjy/P^ 



pt 



(10.1) 



P° rjVP^ivVP^ + P") 



k = P/r]VP^, 



where S^'^ is the spin part of J^'^ after the center- of-mass decomposition, z is not a three- 
vector under Lorentz boosts and z = z/rjV^ is the classical analogue of the Newton- 
Wigner operator in presence of spin (it is canonical, {2;*, z^} = 0, but not covariant). Let 
us note that when some mass parameter is available one could redefine z and k so to have 
the standard dimensions, which have been altered by the canonical transformation due to 
the necessity of commuting with the rest frame time. 

Let us consider a foliation of Minkowski space-time with a family of space-like hyper- 
surfaces S(r), whose points arc given coordinates z^{t, a) — ^'^(cr"^), A = r, r, r = 1, 2, 3; 
let Oa = {dr = d/dr; dr = d/da"^) denote the derivatives with respect to the parame- 
ters T, (J, whose space has Lorentz signature; let z'^{a^) — dAZ^{a^) be the associated 
vierbeins {dsz'^ — Oaz'^ = are the Gauss- Weingarten equations for the embedding of 
E(t) in the flat Minkowski space-time) and gAsio') = z'^{a)r]fj,i,z'^{a) the metric in the 
parametric space; since S(t) is space-like, one has grric^) > 0; let 7rs(o") = —grs{<7) 
denote the Euclidean 3-mctric and j'^^{a) its inverse; let g = —det{gAB) = {det{z'^)) , 
7 = det{'^rs)'i let g^^ be the inverse of the metric gAB {g^^ — i/Qi 9^^ = IQtuI^^ /g', g^^ = 
—Y^ -\-9tu9tv1^^1^^ / 9)- If is the normal unit vector to S(t) in (r; a) [/^(cr) = 1], then 
l^^{c7) = e^«/3^^i«(a)z2^(a)^37(f^)/\/7R and rj^^'^ = 4(t7)^^^(a)z^(a) = l^'{(7)F{(7) - 
Y^{(r)z!^ia)z'^{a) and z!^{a) = ^J~^l^{(7) - grri(T)Y^ia)z^{a); the volume element is 

d^z = z!^{a)dTd'^T,fj, — dTzl^{a)lfj,{a)^f-^i{a)d^a — ^ g{(j)dTd^a] let z^{a) be the inverse 
vierbeins satisfying g^^{(T) = z-^{a)r]^^^ z^ (a). 

The electromagnetic gauge potential A^(2;(cr)) = 2^(o")A^(a) has the field strength 
Fnuiz{(j)) = z^{a)z^ {a)FAB{cF); its inverse expressions A^((t) = z^{a)A^{z{a)) are the 
new configuration space variables together with z'^{a), and one has Fab(c) = z'^{a)z'^{a) 
Fixv{z{a)). The variables ^^(cr) are Lorentz scalars. The action is 



S = j dTL{T) = -^J drd^a V^g^''{a)g''''{a)FAB{<j)FcD{(r) (10.2) 
and the canonical momenta are 
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( -\ 



^^^^\{g''^zr^ + g^'zr^){T, a)^^^(T, a)^^^(T, a)F^B(T, a)FcD{T. a)- 



4 

+ ^,^(t, + <?^-<?'^^)(r, a)(7^^(r, a)]/^B(r, a)Fci.(r, a) 

7r^(r, 5=) = — = 0, 

ddrAr{T,a) ■\/g{r,a) 



The canonical Hamiltonian is 



with 



while the basic Poisson brackets are 



K(T,a),p.(T,a')} = -r7^;(53(a-a'), 
{AA{r,aU^{rJ)} = -rj^5\a-a'). 



The ten conserved Poincare generators are 
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(10.3) 



Hc = - J (faA^ir, a)T{T, a) (10.4) 



r(T,a) = -av(r,a), (10.5) 



(10.6) 



(10.7) 



The Lorentz scalar constraint 7r'^(r, ct) is generated by the gauge invariance of S; 
its time constancy will produce the only secondary constraint r(r, a) ^ as usual. The 
invariance of S under arbitrary (r, a)-reparametrizations gives rise to the constraints 



Hf,{T, a) = p^{t, a) - Trrir, a)l^{T, a) + Trr{r, B)z\^{t, a) ^ 0, 



(10.8) 



where 



Trr{T, a) 




ru 



Fsv){r, a), 



(10.9) 



Trr{r, a) 



Frs{r, a)7r'{T, a), 



are the energy density and the Poynting vector respectively. The constraints iif^ 
describe the arbitrariness of the foliation: physical results do not depend on its choice. 

The six constraints i7^(r, a) ^ 0, 7r'^(T, it) 0, T{T,a) ^ are first class with the 
only non vanishing Poisson brackets 



Let us remark that the simplicity of Eqs. (10-10) is due to the use of Cartesian coor- 
dinates [94]: if we had used the constraints Hi{T,a) = l^{T,a)H^{T,a), Hr{T,a) = 
z^!:{T,a)Hfj_{T,a) (i.e. nonholonomic coordinates), so that their associated Dirac multi- 
pliers Xi{t, (t), Xr{T, a) would have been the lapse and shift functions of general relativity, 
one would have obtained the universal algebra of Ref.[la]. 

Using Eqs. (5-8) and (5-10) in this coordinatization, i.e. A^(t, ct) = -^r]{T,a) + 



^Kt, viT, ^) = --^w ■ ^('^' ^'"('^' ^) = ^K'^' ^) + ^ 9S^r(T, a), one gets 



{H^{t, a), H,{t, a')} = zlij, B)F,,{t, B)zI{t, B)V{t, B)b\B - a'). 



(10.10) 



The Dirac Hamiltonian is 



d^a [A'^(t, B)H^{t, B) + A,(t, a)7r"(T, B) - A"(t, B)V{t, B)]. (10.11) 
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+ Frs{T,a){^d'T{T,a))z;{T,a), 



(10.12) 



H±^{t, a) = p^{t, a) - T^rrir, a)l^{T, a) + T^rrir, a)zl^{T, a), 
with Tj^T-T) Tj_T-r obtained from T^-t-, T^-j. with the replacement tt^ ^ tt^. Then 

Hd = H^D + j d^o- [A,(t, a)7r"(T, a) - A^{t, a)T{T, a)+ 

+ X^{r,a){^^^^[nl^^d^T+^-i^^d^T)i^^^^ (10.13) 
+ Frs{T,a)i^d^T){T,a)zJ,{T,a))] 

and, after the decouphng of the gauge degrees of freedom, the physical Hamiltonian is 

H^D^ J d^aX^'{T,a)H^^{T,a). (10.14) 

Since we are working in the framework of special relativity, we can restrict ourselves 
to space-like hyperplanes by imposing the gauge-fixing constraints 

^'^(T,<j)-a;^(T)-6^f(T)(7'"RiO (10.15) 

Here 6^ = zf^{T,a) — zI^{t) are three orthonormal space- like 4- vectors containig six in- 
dependent degrees of freedom due to grsiT,^) = — 7rs(T, ct) h':l:{r)'q^i,h^g{r) = —Srs- 
With x^{r) we have only 10 degrees of freedom left, describing the family of space-like 
hyperplanes and its parametrization. Now one has 



a) = 1,{t) = 6^«^^6i«(t)62^(t)63^(t), 
,;M- = ZM(^)r(r)-6^(r)6^(T) 
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By putting 6^(t) = Z''(r), we may build a tetrad 6^(t), A=0,1,2,3, with ry^^^ - 
^!4(''')^^'^^b('^) = 0? said, there are only six independent degrees of freedom (/>a(t), 
A = 1,..,6, in the b'^. Their six conjugated momenta T\(r), {(/)\{t),T^' (t)} = S^^^', have 
to be extracted from J d^a p^{t, a), see later on. In Refs. [95,2b] (see also Appendix A 
of Ref.[96]), Hanson and Regge found Dirac brackets for quantities &^(t), 5^^, compatible 
with the constraints ■q^'^ — b'X{T)r]^^b'^{T) ^ 0; in this way they avoided to work with the 
variables (f)x , Tx- 

If L{x^ ,b'^,b'^, ..) is a Lagrangian depending on a center-of-mass variable x^{t), on 
a tetrad 6^(t) sitting on x'^{t) and other relative variables, and we add the holonomic 
constraint r]^^'^ — b'^{T)r]'^^b'^{T) (so that 6^(t) becomes an orthonormal frame at 
xf^{T)), then we could replace L with L(x'^,(f)\,(j)x, ..) and we would have T\ = dL/d^\\ 
for functions f{(f)x,Tx), g{(j)\^ 7a) one would have the Poisson brackets {f^g] — -^^-^^ — 

df dg 
dTx d4>x • 

Let us introduce a generalized angular velocity 



= a'^^(0(T))(/>A(T), = -a^^x 



(10.17) 



The inverse relation ?7/iz/&^(T)6^(T) — i^ab = gives 

b\[T) = r^,pb''j,{T)<j^^{T) = r7,p6^(T)a'^^(0(T))0A(T). (10.18) 
If we introduce the angular change 59'^^{t) = —59^'^{t) = ■?7'^'^&^4(t)(J6^(t), we get 



5ct'^^(t) = -^5^^^(r) - 5e^P{T)a/{r) + 5eP''{T)a'^p- (10.19) 
dr 

If, moreover, we require that SO^-" = ai^" x{(f))S(j)x, so that Sb'^ = r]i,pb'^S6'''^ = 
^.p&^a"'^A(0)50A, Eqs.(10-19) imply 



^-^ - + a^^'^ypaa^^ - a^^rypaa'^^' - (10.20) 



If we assume that an inverse bfj,i,^x{(j>) = — ^i//x,a(0) of ci^'^ \{(j>) exists with the properties 
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then Eqs. (10-20) saturated with 6"^'a, b'^^ a'' Vz^.a" pl^s the r derivative of the first of 
Eqs. (10-21) imply 



where 



Cm^' = ^^^"^'^^ + - V^vU^"" - Vt;v2v'"' (10.23) 

are the structure constants of the Lorentz algebra. Therefore, Eqs. (10-20), (10-22) are 
the Maurer-Cartan equations of the Lorentz group. 

One has 5(p\ = ^r]^^b'^5b'^b^i,^\{(j)). Now L can depend on (px only through a^'^. If 
we define S^'^ — —dL/da^i,, then we have 



dL _ 1 daf"" dL _ 1 
dfx ~ ^~df^d^ ~ ~2' 



Tx=^ = = -7^a'^^(0)V ^ S'^'' = -b^^^x{<^)Tx (10.24) 



In general, S'^^ is the spin part of the total angular momentum Ji^^ = x'^P^ —x^P^ -\- S^^ 
of the system. Since, if F(6, S) = f{(f), T), we have 



df _ dF db'X ^ 1 dF dS^"" df _ 1 OF dSi''' 



d^x db'X dcPx 2 ^S^''' d^x ' ^^a 2 dSf''' dTx ' 
then we get 

lm,T)M^,Tn = -5-,- - - J^^). (10.25) 



These brackets 
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K(r),fe^(r)} = 

{S^''{r)y^{r)} = v^'b'Xir) - r^^n^ij) (10.26) 



are Dirac brackets for the ten constraints t]^^ — b'^rj^^b'^ — (the other ten constraints 
to form twenty second class constraints are hidden in the relation S^'^ = —b^^^^\Tx), since 



{bi^c^r^ - b^^r^^^bl} = r/^- - 6^r/^^6^} = 0. (10.27) 



After this digression, one sees that the time constancy of the gauge-fixing constraints 
(10-15) gives 



<(t, a)-x''iT)-b'^{T)a'^ = 

= {zi^iT, a), H^d} - x'^ir) - b'^Ma^ = (10.28) 
= -X^ir, a) - x^ir) - b'^{T)a'' « 

which implies 



A'^(t, a) = -x^{t) - b'^{T)a'- = A'^(t) + A'^"(r)6^,(T)a^ 

~X^{t) = -x^{t) (10.29) 
X^^r) = KirKir) = ^(6^(r)6,^(r) - 6-(r)6Jf(T)) = -A^^(r), 



and 



r...(r,<?) = i(.-i+B^)(r,J), ^^^^^^^ 



After the elimination of all degrees of freedom of the hypersurface except ten with the 
Dirac brackets of the resulting second class constraints, the Dirac Hamiltonian becomes 
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-K{T)[j d^aa''p^{T,a)-l^{T) J d^aa''f^rr{r,a)- 
= A'^(r)x^(r) + A'^^(T)x^.(r), 

(10.31) 

with 

X^{r) = P^-Ur)^J d^a{nl+B^){r,a)-br^{r) J d^a {n^ x B)^{t, a), 

X^.Ar) = S^.-^ib,^L-b,J^)iT) J d^aa^^i7fl + B^)iT,a)- (10.32) 
- ^{bvi^bst, -by^bs^,){T) J d^aa'^in^ x B)^{T,a) 

where 

'S'^i. = ^ J d'^aa''{hyfj,{T)p^{T,a) - h^^{T)p^{T,a)). (10.33) 

Therefore we are left with the ten independent degrees of freedom contained in the 
variables x'^(t), &^(t) for the hyperplanes, with conjugate variables and S^'' . To get 
the Wigner foliation, i.e. the one with the hyperplanes orthogonal to the total momentum 
[l^{cr) ~ P'*], we add the following six independent gauge-fixing constraints 

o PM 

6^(t) - L^'r{P, P)^0 li^ir) ft; —= (10.34) 

r]vP^ 

where [14] 



o o A* o 

L^(P, P) = e^AP/v^) = < + 2^ - + + (10.35) 

^ {P + P,P) 



155 



is the standard Wigner boost for > q, P^^ = L''^{P,P)P , P = (77v^;0). Now 
the indices "r" become spin-1 Wigner indices and transform under the Wigner rotations 
induced by Lorentz transformations [14]. Therefore, Dirac's observables A^, 7r± have 
Wigner covariance aheady at this level: the gauge- fixings (10-34) is equivalent to boost at 
rest the absolute Dirac's observables before finding a decomposition in center-of-mass and 
relative variables. Here we see at work the globality associated with the implementation 
of the Poincare group (remember the problems of Ref.[12b]). 



The time constancy of this new gauge-fixing gives 



^(6^(r) - L^(P, P)) = mr) - L^(P, P), H^o} = 

= A"^{6Jf(T),5«^} = A«^(T)(r7^6,^(T) - v$bra{r)) = 2A'^^(t)&,^(t) « 0; 



so that A"^(t) = and one has 



Hj_D = A(t)x^(t), 



Ur) = ^[^^- ^ / d'a{nl + B'){r,a)]+ (10.37) 
+ er^{P/r]^) J d^a (ttx x P)^(t, a) ^ 



and the only left degrees of freedom of the hyperplane are x^(t), P^; if we replace them 
with the variables of Eqs.(lO-l), the four first class constraints become 



V 



(10.38) 



where V ^ expresses the vanishing of the total 3-momentum of the field configuration, 
when described using the Wigner foliation . Xt is the mass-spectrum constraint and plays 
the role of Hamiltonian . To eliminate completely the degrees of freedom of the hyperplane, 
one should add four new gauge-fixing constraints, whose natural forms are 
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P -x 
z-Z 



^ 0. 



(10.39) 



Here {Z'^; Z) should be those functionals of the field configuration which play the role of 
the non-covariant (P • x/r]\/P^; z) associated with the hyperplane. Therefore, we have 
indirectly shown that there must exist a center-of-mass decomposition also for classical 
gauge field theory and that it is the lacking ingredient to get the final, still manifestly 
Wigner covariant, either Lagrangian or Hamiltonian description of its Dirac's observables 
on which the subsequent discussion is based. 

Even if the canonical transformation from the basis Ai^{x,x°), tTh{x,x°) to a center- 
of-mass basis X'*, P^, a'^{x, x°), q^{x, x°) has still to be found, we got a unification of the 
description of particles, strings and classical gauge fields in special relativity. All extended 
special relativistic systems with first class constraints show a breaking of Lorentz covariance 
in the description of the center-of-mass, which is universally described by the variables of 
Eqs. (10-1); this is due to the fact that usually the mass spectrum of the system is given 
by a first class constraint solved in rjy/P^ and this variable is in the basis (10-1); therefore, 
for each branch n of the mass spectrum, rjVP^ — gn{---) ~ 0, one could pass from the basis 
(10-1) to a Shanmugadhasan basis in which rjVP^ is replaced by rjVP^ — gn{..). 

The problems of the relativistic center-of-mass is very complex and many options 
appear in the literature. Following Ref.[97] for the case > 0, P° > 0, there are three 
definitions of center-of-mass which appear relevant for our discussion (the three definitions 
coincide in the rest frame): 

i) the canonical noncovariant position z oi Eqs. (10-1) (actually z — z/y/P^), also called 
center of spin (see also Refs. [98,99]), which is a classical analogue of the generalized Foldy- 
Wouthuysen mean position operator [100], i.e. the generalization of the Newton- Wigner 
position operator [101] in presence of spin; 

ii) the MoUer center-of-mass R [102], which, for a system of point particles, corresponds to 
the standard non-relativistic definition with the Newtonian masses replaced by dynamical 
masses (it is a kind of center of energy ): it is neither covariant nor canonical ({-R\ R-'} ^ 

iii) the Fokker center of inertia Q [103,98], which is defined as Q^°^ = = z^""* in the rest 
frame and then Lorentz transformed to an arbitrary frame: it is covariant {Q^ is a four- 

vector) but not canonical {{Q\ ^0). It can be shown [97] that 'z = R = Q = c^P/P° 
(we have reintroduced the factors of c). 

Therefore, Q is the only space vector which is associated with an invariantly defined 
world-line; instead, the space-vectors z and R define world-lines whose objective space- 
time location depends on the observer, i.e. on the chosen reference frame. Since Q = 
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R + 



SxP 



SxP 



(so that z = R + 



SxP 



P°R+^ 



P"{VP^c^+P°) 



/P^d^+P 



^) [97], it 



can be shown that, in a given reference frame, the world-hnes associated with R (and also 
those associated with z) by the whole set of observers (i.e. by changing reference frame 
with all possible Lorentz transformations) fill a "world-tube" having the Q world- line as a 

central axis and a radius (it measures a distance orthogonal to Q = c^P/P"; here the spin 
is the Thomas spin, i.e. the classical relative angular momentum in the rest frame) 



every time an extended relativistic system belongs to an irreducible Poincare representation 
its radius is determined by the associated Poincare Casimirs. This value is exactly the same 
which one naively obtains for the minimal radius of a relativistic matter bulk of mass ^/P^ 
and intrinsic angular momentum S, if the linear velocity of the peripheral points has not to 
exceed the velocity of light; as shown firstly by MoUer [102] , if an extended relativistic body 
has the classical energy density everywhere positive definite, then its spatial extension must 
be wider than the diameter of the world-tube; therefore, we have some kind of non-locality 
as a spin effect. Let us remark that the case 5" = (like those with = or P'^ = 0) has 
to be analyzed separately by adding 5' ~ to the original constraints. 

The following remarks are relevant at this point: i) in all relativistic extended systems 
with first class constraints (a their subset is always used to eliminate the temporal degrees of 
freedom, either relative times or temporal components of gauge potentials), all final Dirac's 
observables describing absolute positions will inherit the non-covariance of the canonical 
center-of- mass z: only Dirac's observables describing relative degrees of freedom will have 
well defined Wigner covariance (if we use variables from the point of view of the Wigner 
foliation; the absolute, Wigner covariant, Dirac's observables Aj_, 'jf± are not natural); 
ii) even if ^ is a Dirac's observable, it cannot be classically measurable if wc adopt a 
covariant definition of measurability, i.e. no measure can depend on the reference frame 
in a non-covariant way; this implies that we cannot localize the three degrees of freedom 
of the center-of-mass z inside the world-tube (it would be interesting to have a classical 
relativistic theory of measurement taking into account these non-local spin effects and the 
correct counting of the independent Cauchy data, i.e. Dirac's observables, of the system; 
see also later on); iii) the classical non-testability of the interior of the world-tube would 
give an answer to the standard criticism of the classical picture based on the quantum 
effect of pair production: actually this effect happens inside the world-tube and both pair 
production and the radius p are effects of the Lorentz signature of Minkowski space-time, 
i.e. of the existence of the light cone; iv) the MoUer argument on the energy density being 
definite positive only with extensions larger than p, seems to imply that the world-tube is 
a remnant in fiat Minkowski space-time of the energy conditions of general relativity. 

Therefore, if we have a field configuration in an irreducible Poincare representation 
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with > and W"^ = —P'^S ^ 0, and we try to quantize its center-of-mass variable 
z = z/V^, P = VP^k, a natural generalization of Heisemberg indetermination relations 

taking into account the veto for a relativistic localization inside the world-tube is (|^| — > 
with s the maximal eigenvalue) 

Az' > -A- > ^ AP < i/p2c. (10.41) 

This implies non-localizability inside the Compton wave length of the field configura- 
tion and a possible definition of a ultraviolet cutoff A = ^\/P^c of the type looked for by 
Dirac and Yukawa, as a spin effect induced by the Lorentz signature. The sectors P^ > 0, 

S = and P^ = have to be treated separately, as already said; often only a finite number 
of degrees of freedom is present in these sectors. 

At the quantum level a related open problem is whether z , and every absolute Dirac's 
observable position operator, can be assumed to be self-adjoint like the four-momentum 
and the angular momentum (no problem seems to arise about relative position operators). 
The previous discussion seems to suggest that to avoid non-covariant statements one should 
allow only wave packets constant inside the world-tube (all the pseudo-world-lines asso- 
ciated with all possible reference frames would be put on the same level) and this would 
imply non-self-adjointness oi z . A further problem comes from Hegerfeldt's theorems on 
the quantization of the Newton- Wigner position, see Ref.[104] and the references quoted 
therein. There are two basic options: i) either is a self-adjoint operator (i.e. one has 
good localization properties) and then one finds a violation of Einstein causality in the 
sense that a) compact support-, P) Gaussian-, 7) exponential- wave packets will spread at 
later times with velocity higher than c (only at the level of wave packets with power tails 
the possibility appears of avoiding the violation); ii) or z is not a self-adjoint operator, 
so that Einstein causality is preserved due to bad localization properties (power tails): 
this second option is preferred by Hegerfeldt, who says that these problems should be ex- 
perimentally verifiable. Again one faces the lack of a genuine either classical or quantum 
relativistic theory of position measurements (which after the contraction c — > cxd would 
produce the nonrelativistic theory); after all in high energy experiments the indetermi- 
nation in the positions of the detected particles on the space-like surface of the detector 
allows only the determination of world-tubes which can be traced backward towards the 
interaction region. 

All these problems form a big unsolved puzzle. Do we have really to consider only wave 
packets constant inside the world-tube and with suitable power tails? If yes, the position 
operators would behave differently from the momentum, energy and angular momentum 
operators, because most of the mathematical wave packets in the Hilbert space would be 
physically forbidden (there are similarities with the situation of Glauber states which are 
concentrated on the boundary of the space of coherent states). Whichever is the physical 
solution to these problems (it has also been suggested that non-commutative geometry 
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and maybe the Manin quantum plane have to be introduced to treat these problems), it 
is connected with the definition of the ultraviolet cutoff and with the foundations of the 
path integral approach, which heavily uses non-relativistic position operator concepts in 
its definition. 
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11. Conclusions. 



We have found global Dirac's observables of classical YM theory with Grassmann- 
valued fermions and formulated a non-Lorentz-covariant physical action and Hamiltonian, 
which do not present singularities in g and whose associated equations of motion could 
be treated perturbatively. The basic observables are transverse due to the existence of 
the BRST operator and satisfy Poisson brackets with a transversality projector like in the 
Abelian case. The main feature of both the action and the Hamiltonian is their non-locality 
and non-polynomiality; they contain the explicit realization of the Mitter-Viallet-Babelon 
abstract metric [21b-i] in a suitable functional space in which the Gribov ambiguity is 
absent. One important technical point would be to find the right class of functional 
spaces (a restriction of the quoted wcigthed Sobolev spaces) so that all needed boundary 
conditions on the gauge potentials and the gauge transformations (like the absence of 
improper non-rigid ones, i.e. = Q^^^) are satisfied. For instance the existence of global 
Dirac's observables, at least at our naive level, seems to indicate that — Goo^"^ behaves 
like a closed local (analytic) Lie subgroup of a certain Hilbert-Lie group Q determined 
by the chosen functional space. This choice will also determine properties of the Green 
function (6-21), like for instance which kind of prescription is needed for having Eqs.(6-23) 
satisfying the Poisson brackets (6-26) and which asymptotic behaviour has to be expected 

~*( A) 

for (x, y; x"). Also, once the correct functional space has been identified, the problems 
of the mutual relation of the Gribov ambiguity and of the stability subgroups Q-^ and 
have to be re-analized in detail in more general spaces, also to try to identify the physical 
meaning, if any, of connections admitting these stability subgroups. 

Since the Green function (6-23) privileges the geodesies of fiat space, in the dynamics 
with Dirac's observables geodesic triangles should be important, confirming the suggestion 
of Ref.[105] of approximating the loop space connected with Wilson loops with such trian- 
gles. In connection with these problems, it would be interesting to be able to riformulate 
the dynamics with Dirac's observables on the lattice. 

In any case, we now have a formulation of the (pseudo) classical basis of QED and 
QCD with fermions. Dirac's observables associated with the non-Abelian charges, 
[non-vanishing for e 7^ in Eqs.(2-40) ii)] have been found: they satisfy the correct algebra 
and rotate global Dirac's observables with color indices. A classical implementation of the 
concept of superselection rule requires the selection of the subspace of the space of all func- 
tions of Dirac's observables consisting of those functions which have zero Poisson bracket 
with all : this subspace is labelled by the values of the Casimirs, like ^aiQa)'^i 
contains only color-scalar functions of Dirac's observables, in particular only even functions 
of the Grassmann- valued " unobservable" fields ipaa{x, x°). Probably this superselection 
subspace does not admit a symplectic structure, so that there is not a complete canonical 
basis of the superselected observables in contrast to the situation with the original observ- 
ables. Therefore it is not clear how to quantize the classical superselection sector: maybe 
one is forced to quantize Dirac's observables and then to impose superselection rules at the 
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quantum level. Since no gauge degree of freedom is left, one could start the Haag- Kastler 
program of "local observables" at this stage, or even better after having covariantized the 
description to take into account the non-localities induced by the implementation of the 
Poincare group. 

Also the topological charge has been expressed in terms of Dirac's observables and a 
discussion of the role of the winding number and of the center of the gauge group has been 
given. The procedure for finding Dirac's observables requires a trivial principal bundle 
over a simply connected base manifold with a semisimple, compact, connected, simply 
connected structure group: does it imply that global Dirac's observables do not exist 
when one has a non-trivial principal bundle? For a non simply connected base manifold 
it is suggested that harmonic one-forms could be the classical basis in the Hamiltonian 
formalism of the Bohm-Aharonov phase. 

At the classical level a formulation of the problem of color confinement could be that, 
notwithstanding one starts with 7^ 0, one requires that the only relevant dynamical 
sector must be defined by the conditions = 0, for instance added to the Lagrangian 
with Lagrange multipliers. Otherwise, one has to study the bound-state equations at the 
quantum level to see whether = is emerging dynamically for the bound states (maybe 
in the form of charge screening like in Ref.[59]). 

Work is in progress to extend these results to the clcctrowcak sector of the standard 
model, in which some of Gauss' laws have to be treated differently due to the Higgs 
mechanism: they have to be solved with respect to Higgs momenta and not with respect 
to longitudinal gauge potentials. It would be interesting to have the solution for Dirac's 
observables in the electroweak sector to compare flavour charges of bound states to color 
ones. 

A still open problem both for the Nambu string and for YM theory is to find a further 
canonical transformation to a canonical basis adapted to the Thomas spin (and therefore 
to the Poincare Casimir W'^) to extract the independent transverse degrees of freedom. 
Also the center-of-mass decomposition of classical field theory, whose existence has been 
shown in Section 10 studying the covariantization problem, has to be found. Moreover, the 
classical background of the infrared singularities and its connection with the exceptional 
Poincare orbit = has to be explored. 

However the main problem is how to quantize and regularize a non-local and non- 
polynomial field theory. Our approach to covariantization suggests an ultraviolet cutoff 
in the spirit of Dirac and Yukawa ideas, but not yet how to utilize it. In the QED case, 
the problem is connected with the one of finding a regularization of the Coulomb gauge 
(see Ref. [45a] for some comments on this problem) both in the canonical and in the path 
integral quantizations. 

In any case there is another unsolved preliminary problem: quantum field theory 
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does not have a particle interpretation; this is forced on it by means of the asymptotic 
Fock spaces, which are build from tensor products of free one-particle states, each one 
belonging to a Hilbert space with an independent scalar product; but in this way we allow 
the possibility that one "in" particle be in the absolute future of another "in" particle: 
the one- particle Hilbert spaces are completely unrelated and this is the basic origin of the 
spurious solutions of the Bethe-Salpeter equations describing excitations in the relative 
energy of the two particles. Instead in the description of relativistic two-body systems 
and of the Nambu string, always there are enough first class constraints to eliminate all 
the existing relative energies, so that all relative times become gauge variables in the 
sense of general relativity: they describe the freedom of the observer to describe n-particle 
systems with arbitrary relative-time delays in the Cauchy data, when no pair of particles 
is relatively time-like. Therefore, it seems that, if we wish to have all the tools consistent 
with special relativity and with the absence of physical degrees of freedom connected with 
relative energies, one has to define Fock spaces on space-like hypersurfaces (for instance 
on the space-like hyperplanes orthogonal to P^^ of the Wigner foliation when > 0) 
with suitable scalar products, extensions of the non-local ones of Ref.[14] for two scalar 
relativistic particles: this would be a concrete realization of the Tomonaga-Schwinger 
formulation [106] of field theory on space-like hypersurfaces with the description of the 
asymptotic states relativistically consistent with the Cauchy data formulation of Dirac's 
observables of a relativistic theory with first class constraints. Then one should reformulate 
asymptotic conditions and reduction formulas in this non-local setting and try to develop 
perturbative expansions in which relative energies do not propagate and the previous 
ultraviolet cutoff could be consistently used. 

All relevant physical systems from Newtonian particles and Newtonian gravity till all 
formulations of general relativity are described by singular Lagrangians and by a Hamil- 
tonian formulation with first class constraints; this fact singles out the presymplectic ap- 
proach as a unifying mathematical tool and emphasizes the role of Dirac's observables as 
the independent Cauchy data of every theory. The limitation of the manifestly covariant 
Lagrangian approach is that it does not have a natural method for finding a complete basis 
of gauge invariant observables; since the search of such a basis of Dirac's observables is 
based on the Shanmugadhasan canonical transformation in the Hamiltonian approach, to 
define the analoguous procedure at the Lagrangian level one needs to pull-back canonical 
transformations with the inverse Legendre transformation and then to study Lie-Backlund 
transformations (i.e. velocity dependent Lagrangian transformations) in a reformulation 
of the singular Lagrangian theory in the infinite jet bundle; but this is a largely un- 
explored area also for regular Lagrangians. The quantization of presymplectic theories 
reformulated in terms of Dirac's observables is far for being trivial due to the non-local 
and non-polynomial character of the resulting theories, as a consequence of the Lorentz 
signature and of the global implementation of the Poincare group. In particular one has 
to invent some kind of rcgularization independent from power counting but connected in 
some way with the standard methods for the renormalizable theories as QED and YM; the 
natural starting point should be the rcgularization of the Coulomb gauge in electrodynam- 
ics with fermions, with its non-local four fermion self-interaction and with the associated 
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modified temporal gauge. All physical theories are now presented in a form similar to 

that of general relativity, for which the standard regularizations do not work, so that any 
new result would be extremely important. Finally, the techniques developed in this paper 
should be useful for finding the solution of the constraints of tetrad gravity. 

I would like to thank Dr.M.Mintchev, who let me know the paper of Dirac in Ref.[17], 
which inspired this work, and Profs. G.DelF Antonio and C.Reina for fruitful discussions. 
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APPENDIX A.: Some Results on Lie Group Manifolds. 



Let us consider [49] the analytic atlas of the compact, connected, simply connected, 
semisimple Lie group G, with compact semisimple Lie algebra and a coordinate chart 
with canonical coordinates of 1st kind for a neighbourhood Nj of the identity I & G. 
Since the exponential map exp is a diffeomorphism of a neighbourhood of & g onto a 
neighbourhood of / G G containing Nj, these coordinates are defined by considering the 
one-parameter subgroup 7,7(5) = exp{s'r]at°') of G, whose tangent vector at I is r/ = T]at"' G g; 
then the element 7r;(l) = exp{r]at°') G G reached at s=l is given coordinates {r]a}- 

Given a basis of left invariant vector fields Y^, a = 1, .., dimg, and the dual basis of 
left invariant (or Maurer-Cartan) 1-forms 9a on G {iva^b — ^ab), one has 

[Ya^Yb] = CabcYc, Ya\l = t''eg 

1 ^ (Al) 

dOa = --^Cabc^b A 9c, 9a\l = ta & g* 

where the second set of equations is called the Maurer-Cartan structure equations and 
where g* is the dual of the Lie algebra g (one has TG ~ g and T*G g*). In Ni one has 

9a = Aab{v)dvb, A{0) = B{0) = 1 

and Eqs.(A-l) become 



drjb drjc 



^auv Auh{'r])A^c{ri) 

(A.3) 



YbBaM - YcBabiv) = B^b^^^ - BuM^^^ = Bau{v)Cubc 



Since rja are canonical coordinates of first kind one has (this can be taken as a definition 
of these coordinates) 



Aabiv)Vb = Va (A A) 

so that 
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MV) = with (Tn)^, = if')^,Vc = CabcVc {A.5) 



The canonical 1-form on G is defined as 



OJG = Oat" [= AaMdriht" inNi]- {A.Q) 

one can also write ojq = (i~^{'n)dG(i{v) fo^ some a{r]) G G, where dc is the exterior 
derivative on G (in Nj one has do = drjad/drja = drjada)- The Maurer- Cartan structure 
equations can be rewritten in the form doi^G + ^[^Gi^g] — <^g<^g + |[^",^'']6'a A 6'f, = 0. 
These equations say that the 1-forms da ^ire not integrable on G (their integral along a line 
joining two elements of G depends on the line); however, in the neighbourhood Ni there 
is the preferred line 7r;(s) defining the canonical coordinates of 1st kind and then one can 
define 



"7r,(s) 



i(7„)0 J{^r,)0 dS 



(A.7) 



if ?7a(s) are the coordinates of the points of 7rj(s) (with ?7o(l) = ?7o)- If d-^^ = 
ds '^^^s^^ -£j-\r] = r]{s) is the directional derivative along 7^ (the restriction of do to 7,7(5)), 
one has 



d,^u:^^ivis)) = eaivis)), {A.8) 
and the restriction of the Maurer-Cartan equations to 7,,(s) becomes 



The analytic atlas V for the group manifold G is built starting from the neighbourhood 
Nj of I with canonical coordinates of 1st kind by left multiplication by elements of G: 
V = UaeG{a- Ni}. 
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APPENDIX B. Connection 1-forms on Principal G-bundles. 



The trivial principal G-bundle — x G {P^ = x G) will be coordinatized by 
using for the group manifold G an analytic atlas built from a chart Nj around I E G with 
canonical coordinates of 1st kind as in Appendix A; if p-(x,a) \p e P'^°''^, x e M"^ or R^, 
a e G] is a point in a tubolar neighbourhood J^j of the identity cross section aj such that 
its restriction to each fiber G coincides with Nj, one has p = {x^^, rja)- 

The 5f- valued connection 1-form uj^ [24a,b,85] on = x G [P^ ^ R^ x G], 
defining a connection A (i.e. the distribution of spaces of ^-horizontal vectors in each 
point p e or p e P^), is given in this tubolar neighbourhood of cr/ by 



A 



AaY =^G- Aa^{x,r])dxf't'' onP' 



[=LUG + Aa{x,x°,r])-dxt"' onP^ 



(B.l) 



where ujg = Oat"' is the canonical 1-form on G defined in Appendix A. With each left 
invariant vector field Ya on G such that Ya\i = t"' E g (see Eqs.(A-l)), one can associate 
a vertical vector field X^^a^ on P^ [P"^] (i.e. along the fibers; its projection on the base 
manifold [R^] vanishes), called a fundamental vector field, such that its restriction to 
every fiber G^^^.^ over x satisfies X(j.a^\G^^^ =Ya = Bi,a{'n)d/dr]b. Then one has a;-^(X(4a)) = 

^X(to)<^"^ = t"- and, from the definition of connection 1-form, <^'^{^^^) = 0, p e P^ 
[p e P^], for every ^-horizontal vector at p. Another representation of oj-^ on P^ [P^] 

is uj-^ = a~^{r))dpa{r)) — {'q)Aa^{x)dx'^t"- a{rj) [u-^ = a~^{r])dpa{rj) + a~^{r])Aa{Xj x°) ■ 
dxt'^a{ri)] with a{ri) G G and dp4 — d + da — dx^d/dx^ + drjad/drja = dxi^d^ + drjada 
[dps — dx ■ d + drjada] the exterior derivative on P^ [P^]. 

The ^-valued curvature 2-form Q,-^ associated with uj-^ is {V-^ is the exterior covariant 
differentiation: V^ujf^{X\^,Y\^) = dpio^{X(^^ ,Y^^^)) 



^ = n^^^dx^" A dx^t" = V^uj^ = dp4io-^ + 1 



= {--^l-^l^^aiAix,!]) - d^Aa^^ix,!]) + CabcAb^{x , r])^cAx , '>l)]dx^ ^ dx" - 

- [dbAa^ix, ri) + CadcAdb{ri)Acij,{x, r])]dr]b A dx^} t" 



(P.2) 



and an analogous expression for P^. The ^-horizontability of the curvature 2-form implies 
the following property of Aaij,{x,r]): 
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so that the only non-vanishing components of Vt"^ are 



d 

Aafj,{x, ri) = -CadcAdh{'n)Act,{x, T]), {B.3) 



1 



2 



Given a global cross section a : —>■ P^, whose coordinatization is a"(x) = 

{x'^, ?7o(x)}, X e M^, one has (analogous formulas hold for P^): 



A{x) = Aa^,{x)dxH'' = a*uj^ = [ea{v)\v=v{^) - vix))dx^] = 

= [AatHx))^^ - Aa^.^xM^dxn'^ ^^'^^ 



= [d^Aa,,{x) - d,,Aa^{x) + CabcAb^{x)Act.{x)]dx'' A dx"" 

due to Eqs.(B-6) and to the fact that t°'0a{v)\ri=r]{x) is a flat connection with zero curvature; 
in this check one uses Eqs. (B-3) and (A-3) which are valid on each fiber (see for 
instance [85]): 

d 

Aafj.{x, f]) \^=r){x) = -CadcAdb{v{x))Acfj.{x, r]{x)), {B .7) 



dvb 



\rj=r)(x) \'n=r){x) — Cauv^ub{V\^ ) J^vcKVK^ ) ) 1-°-°/ 

The analogue of the second line of Eqs. (A-3) is given in Eqs. (7-5). 

This last equations can be considered as generalized Maurer-Cartan equations for the 
principal G-bundle, taking into account all the fibers simultaneously. If we multiply them 
by T"-^ (the generators of g in the adjoint representation) and we define a generalized 
canonical 1-form in this representation u)g{x) = T°'9a{x) whose form in jV/ is ujg{x) = 
Ha{r]{x))dr]a{x) with 
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then the generahzed Maurer-Cartan equations can be written as a zero curvature condition 



The Bianchi identities = follow from V^Q-^ = dpQ-^ + [oj^,u;^] = 0. 

In the application to YM theory Eqs.(B-7), (B-8) are evaluated in the adjoint repre- 
sentation {t" ^ f 
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